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1. Preface 
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We consider the theory of representations of universal algebra as an extension of 
the theory of universal algebra. Any algebraic structure assumes a set of mappings 
preserving this structure. Mapping that preserves the structure of the representa- 
tion of universal algebra, is called a morphism of representations. 

Automorphism of representation is special case of morphism of representations. 
The study of automorphisms representation is directly related to the necessity to 
answer the question what is the structure of the generating set of representation. 
If the representation has minimal generating set, then such set is called basis of the 
represntation. Automorphism of representation maps basis into basis. 

The set of automorphisms of representation forms a group. Twin representations 
of this group in basis manifold of the representation are called active and passive 
representations. Passive representation in basis manifold is underlying of concept of 
geometric object and the theory of invariants of the representation of the universal 
algebra. 

2. Conventions 

Convention 2.1. In [4], an arbitrary operation of algebra is denoted by letter ui, 
and n is the set of operations of some universal algebra. Correspondingly, the 
universal algebra with the set of operations fi is denoted as Q-algebra. Similar 
notations we see in [2] with small difference that an operation in the algebra is 
denoted by letter f and T is the set of operations. I preferred first case of notations 
because in this case it is easier to see where I use operation. □ 

Convention 2.2. Let A be fli-algebra. Let B be ^-algebra. Notation 

A—*^B 

means that there is representation of Qi- algebra A in ^-algebra B. □ 

Without a doubt, the reader may have questions, comments, objections. I will 
appreciate any response. 

3. Generating Set of Representation 
Definition 3.1. Let 

/ : A ->■ *M 

be representation of fii-algebra A in f^-algebra M. The set TV C M is called 
stable set of representation /, if f{a){m) £ N for each a 6 A, m £ N. □ 

We also say that the set M is stable with respect to the representation /. 

Theorem 3.2. Let 

f :A^ *M 

be representation of Oi- algebra A in 0,2-algebra M . Let set N C M be subalgebra of 
Sli-algebra M and stable set of representation f. Then there exists representation 

fN'-A—t * N 

such that /jv(a) = f(a)\N- Representation /jv is called subrepresentation of 
representation /. 
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Proof. Let cji be n-ary operation of f2i-algcbra A. Then for each eti, a n G A 
and each b G N 

(/iv(ai)— /iv(on)wi)(6) = (f(a 1 )...f(a n )uj 1 )(b) 
= f(a 1 ...a n 0Ji)(b) 
= f N {ai...a n ui)(b) 

Let W2 be n-ary operation of 02-algebra M. Then for each bi, 6„ 6 N and each 

fN(a)(b 1 )...f N (a)(b n )u} 2 = /(a)(6i).../(a)(6„)w 2 
= /(a)(6i...6„cj 2 ) 
= /jv(a)(&i-6n.w 2 ) 

We proved the statement of theorem. □ 

From the theorem 3.2, it follows that if /jy is subrepresentation of representation 
/, then the mapping (id : A — > A, idjy : TV — > M) is morphism of representations. 

Theorem 3.3. The set 1 Bf of all subrepresentations of representation f generates 
a closure system on ^-algebra M and therefore is a complete lattice. 

Proof. Let (K\)\^a be the set off subalgebras of f22-algebra M that are stable with 
respect to representation /. We define the operation of intersection on the set Bf 
according to rule 

f~] /if x = fnK x 

We defined the operation of intersection of subrepresentations properly. DK\ is 
subalgcbra of f^-algcbra M. Let m G HK\. For each A G A and for each a G A, 
f(a)(m) G K\. Therefore, f(a)(m) G DK\. Therefore, CiK\ is the stable set of 
representation /. □ 

We denote the corresponding closure operator by J(f). Thus J(f,X) is the 
intersection of all subalgebras of f^-algebra M containing X and stable with respect 
to representation /. 

Theorem 3.4. Lei 2 

f : A ->■ *M 

be representation of Qi-algebra A in fl2-ilgebra M. Let X C AI. Define a subset 
Xk C M by induction on k. 

X = X 
x G Xk => x G X k+1 
xi G Xk, —,x n G X k ,uj G fl 2 (n) => X\...x n U G X k+1 
x G X k , a G A => f(a)(x) G X k+1 

Then 

[jx k = J{f,x) 

fe=0 

lr This definition is similar to definition of the lattice of subalgebras ([4], p. 79, 80) 
2 The statement of theorem is similar to the statement of theorem 5.1, [4], p. 79. 
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Proof. If we put U = UXk, then by definition of Xk, we have Xq C J(f,X), and 
ifXk C J(f,X), then X k+1 C J(f,X). By induction it follows that X k C J(f,X) 
for all k. Therefore, 

(3.1) UcJ(f,X) 

If a £ U n , a = (oi,...,o„), where Oj G -X*^, and if k = max{fci, k n }, then 
a\...a n uj £ Xk+i C U. Therefore, U is subalgebra of f2 2 -algcbra M. 

If m £ U, then there exists such k that m G Xk. Therefore, f(a)(m) £ Xk+i C U 
for any a £ A. Therefore, U is stable set of the representation /. 

Since U is subalgebra of f^-algcbra M and is a stable set of the representation 
/, then subrepresentation fu is defined. Therefore, 

(3.2) J(f,X)cU 

From (3.1), (3.2), it follows that J{f,X) = U. □ 

Definition 3.5. J(f,X) is called subrepresentation generated by set X, and 
X is a generating set of subrepresentation J(f,X). In particular, a generat- 
ing set of representation / is a subset X C M such that J(f,X) = M. □ 

It is easy to see that the definition of generating set of representation does not 
depend on whether representation is effective or not. For this reason hereinafter 
we will assume that the representation is effective and we will use convention for 
effective T*- representation in remark [3]-2.1.9. We also will use notation 

R o m — R(m) 

for image oim £ M under the endomorphism of effective representation. According 
to the definition of product of mappings, for any endomorphisms R, S the following 
equation is true 

(3.3) {RoS)om = Ro(Som) 

The equation (3.3) is associative law for o and allows us to write expression 

R O S O TO 

without brackets. 

From theorem 3.4, it follows next definition. 

Definition 3.6. Let X C M. For each x £ J{f,X) there exists f^-word defined 
according to following rules. 

(1) If to £ X, then m is f^-word. 

(2) If mi, m n are 02-words and u £ Q,<2,(ri), then m\...m n uj is f^-word. 

(3) If to is 512-word and a £ A, then am is f^-word. 

f^-word w(f,X,m) represents given element m £ J(f,X). We will identify an 
element m £ J(f, X) and corresponding it f^-word using equation 

to = w(f, X, to) 

Similarly, for an arbitrary set B C J(f,X) we consider the set of f^-words 3 
w(f, X, B) = {w(f, X, to) : to £ B} 



'The expression w(f,X,m) is a special case of the expression w(f, X, B), namely 

w(f,X, { m }) = {w(f,X,m)} 
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We also use notation 

w(f,X,B) = (w(f,X,m),m e B) 
Denote w(f,X) the set of f^-words of representation J(f,X). □ 
Theorem 3.7. Endomorphism R of representation 

f : A^*M 

generates the mapping of Q2-words 

w[f,X,R]:w(f,X)^-w(f,X') IcM X' = RoX 

such that 

(1) If m £ X , m! = Ro m, then 

w[f, X, R](m) = m 

(2) If 

mi, ...,m„ e w(f,X) 
m' 1 = w[f,X,R](mi) ... m^w[/,I,fl](m n ) 
then for operation u S f^2 (^) ftoids 

u>[/, X, R](mi...m n u>) = 77i' 1 ...mJ l a; 

(3) If 

m€w(f,X) m' = w[f,X,R](m) aeA 

then 

w[f, X, R](am) = am' 



Proof. Statements (1), (2) of the theorem are true by definition of the endomorpism 
R. Because r = id, the statement (3) of the theorem follows from the equation [3]- 
(2.2.4). □ 

Remark 3.8. Let R be endomorphism of representation /. Let 

m£j(f,X) m'^Rom X' = RoX 

The theorem 3.7 states that to' G Jf(X') . The theorem 3.7 also states that 
^2-word representing to relative X and l^-word representing ml relative X' are 
generated according to the same algorithm. This allows considering of the set of 
f^-words w(f, X' , to') as mapping 

W(f, X, m) : X' -> w(f, X', to') 

W{f, X, m) (X 1 ) = W(f, X, to) o X' 
such that, if for certain endomorphism R 

X' = RoX to' = Rom 



then 



W(f, X, m)oX' = w(f, X\ to') = m' 
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The mapping W(f,X,m) is called coordinates of element m relative to set 

A. Similarly, we consider coordinates of a set B C J(f, X) relative to the set X 

W(f, X, B) = {W(f, X, m):meB} = (W(f, X,m),meB) 
Denote W(f, X) the set of coordinates of representation J(f,X). □ 
Theorem 3.9. There is a structure of Q2- algebra on the set of coordinates W(f, X). 
Proof. Let uj € ^{n). Then for any mi, m n € J(/, A) , we assume 
(3.4) W(f, X, m 1 )...W(f, X, m n )cu = W(f, X, m 1 ...m n u) 

According to the remark 3.8, 

{W(f, X, mi )...W(f, X, m n )cj) o X = W(f, X, mi ...m n uj) o X 

(3.5) 

= w(f,X,m 1 ...m n uj) 

follows from the equation (3.4). According to rule (2) of the definition 3.6, from 

the equation (3.5), it follows that 

(3.6) 

{W(f, A, my)...W{f, A, m n )u) o X = w(f, A, mi )...w{f, X, m n )u 

= (W(f, A, mi) o X)...(W(f, A, m„) o X)u 

From the equation (3.6), it follows that the operation u> defined by the equation 
(3.4) on the set of coordinates is defined properly. □ 

Theorem 3.10. There exists the representation of tti-algebra A in ^-algebra 
W(f,X). 

Proof. Let a £ A. Then for any m G J(f,X) we assume 

(3.7) aW(f,X,m) = W(f,X,am) 
According to the remark 3.8, 

(3.8) (aW(f, X, m)) o X = W(f, A, am) o A = w(f, A, am) 

follows from the equation (3.7). According to rule (3) of the definition 3.6, from 
the equation (3.8), it follows that 

(3.9) {aW{f, A, m)) o A = aw(f, A, m) = a{W{f, A, m) o A) 

From the equation (3.9), it follows that the representation (3.7) of ili-algebra A in 
f22-algebra W(f, A) is defined properly. □ 

Theorem 3.11. Let 

f : A^*M 

be representation of algebra A in ^-algebra M. For given sets X C M, X' C 
M , let map 

i?i : A -> A' 
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agree with the structure of representation f , i. e. 

oj £ 2 (n) xi, x„, xi...x n uj E X, Ri(xi...x n u>) £ X' 
=> Ri(xi...x n w) = Ri(xi)...Ri(x„)u) 

x £ X, a £ A, Ri(ax) £ X' 
=> R\ (ax) = aRi (x) 
Consider the mapping of ^-words 

w[f,X,R 1 ]:w(f,X)^w(f,X / ) 
that satisfies conditions (1), (2), (3) of the theorem 3.7 and such that 

x £ X = > w[f,X,Ri](x) = i?i(x) 
There exists unique endomorphism of 0,2 -algebra M 

R-.M^-M 

defined by rule 

Rom = w[f, X, Ri](w(f,X,m)) 
which is the morphism of representations J(/, A) and J(f,X'). 

Proof. We prove the theorem by induction over complexity of f^-word. 

If w(f,X,m) = m, then m £ X . According to condition (1) of theorem 3.7, 

Rom = w[f,X,R 1 ](w(f,X,m))=w[f,X,R 1 ](m)=R 1 (m) 

Therefore, mappings R and R\ coinside on the set X, and the mapping R agrees 
with structure of representation /. 

Let u £ fia^)- Let the mapping R be defined for mi, m n £ J(/, A). Let 

w 1 =w(f,X,m\) ... w n = w(f,X,m n ) 
If to = TOi...m„u;, then according to rule (2) of definition 3.6, 

w(f,X,m) = w\...w n ui 
According to condition (2) of theorem 3.7, 

Rom = w[f, X, Ri](w(f, X, m)) = w[f,X,Ri](wi...w n u) 
= w[f, A, R 1 ](wi)...w[f, X, iZi](lfln)w 
= (R o mi)...(R o m n )uj 

Therefore, the mapping R is endomorphism of f^-algcbra M. 

Let the mapping R be defined for mi £ J(f, A), w\ — A, mi). Let a £ A. 
If m = ami, then according to rule (3) of definition 3.6, 

w(f, A, am\) = clwi 

According to condition (3) of theorem 3.7, 

Rom = w[f, A, Ri] [w{f, A, m)) = w[f, A, Ri](awi) 

= aw[f,X, Ri\(w\) — aR o mi 

From equation [3]-(2.2.4), it follows that the mapping R is morphism of the repre- 
sentation /. 
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The statement that the endomorphism R is unique and therefore this endomor- 
phism is defined properly follows from the following argument. Let m £ M have 
different f^-words relative the set X, for instance 

(3.10) m = xi...x n ui = ax 

Because R is endomorphism of representation, then, from the equation (3.10), it 
follows that 

(3.11) R o m = R o (xi...x n uj) = (R o xi)...(R o x n )u> = R o (ax) = aR o x 
From the equation (3.11), it follows that 

(3.12) Rom — (Ro xi)...(R o x n )uj — aR o x 

From equations (3.10), (3.12), it follows that the equation (3.10) is preserved un- 
der the mapping. Therefore, the image of m does not depend on the choice of 
coordinates. □ 

Remark 3.12. The theorem 3.11 is the theorem of extension of mapping. The only 
statement we know about the set X is the statement that X is generating set of the 
representation /. However, between the elements of the set X there may be rela- 
tionships generated by either operations of fi2-algcbra M, or by transformation of 
representation /. Therefore, any mapping of set X , in general, cannot be extended 
to an endomorphism of representation /. 4 However, if the mapping R\ is coordi- 
nated with the structure of representation on the set X, then we can construct an 
extension of this mapping and this extension is endomorphism of representation 
/• □ 

Definition 3.13. Let X be the generating set of the representation /. Let R be 
the endomorphism of the representation /. The set of coordinates W(f, X,Ro X) 
is called coordinates of endomorphism of representation. □ 

Definition 3.14. Let X be the generating set of the representation /. Let R be 
the endomorphism of the representation /. Let m € M. We define superposition 
of coordinates of the representation / and the element m as coordinates defined 
according to rule 

(3.13) W(f, X, m) o W(f, X,RoX) = W(f, X,Ro m) 

Let Y C M. We define superposition of coordinates of the representation / and 
the set Y according to rule 

(3.14) W(f, X, Y) o W(f, X,RoX) = (W(f, X, m) o W(f, X, R o X), m e Y) 

□ 

Theorem 3.15. Endomorphism R of representation 

f :A^*M 

generates the mapping of coordinates of representation 

(3.15) W[f, X, R] : W(f, X) -> W(f, X) 



In the theorem 4.7, requirements to generating set are more stringent. Therefore, the theorem 
4.7 says about extension of arbitrary mapping. A more detailed analysis is given in the remark 
4.9. 
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such that 

W(f, A, m) -> W[f, X, R] * W(f, X, m) = W(f, X,Rom) 

(3.16) 

W[f, X, R] * W{f, X, to) = W(f, X, m) o W(f, X,Ro X) 

Proof. According to the remark 3.8, we consider equations (3.13), (3.15) relative to 
given generating set X. The word 

(3.17) W(f,X,m)oX = w(f,X,m) 
corresponds to coordinates W(/, X, to); the word 

(3.18) W(f,X,Rom)oX = w(f,X,Rom) 

corresponds to coordinates W(f, X, R o to). Therefore, in order to prove the theo- 
rem, it is sufficient to show that the mapping W[f, X, R] corresponds to mapping 
w[f, X, R]. We prove this statement by induction over complexity of f^-word. 

If to € X, ml — R o to, then, according to equations (3.17), (3.18), mappings 
W[f, X, R] and w[f, X, R] are coordinated. 

Let for mi, to„ <G X mappings W[f, X, R] and w[f, X, R] be coordinated. 
Let u> £ SI2 (jt,) ■ According to the theorem 3.9 

(3.19) W(f, X, m 1 ...m n u) = W(f, X, mi )...W(f, X, m n )u 

Because R is endomorphism of ^-algebra M, then from the equation (3.19), it 
follows that 

(3 20) W{fy X ' R ° ( - mi - mnUJ ^ = W V> X ' & ° m i)-(- R TO «) W ) 

= W(f, X,Ro mx)...W(f, X,Ro m n )u 

From equations (3.19), (3.20) and the statement of induction, it follows that the 
mappings W[f, X, R] and w[f, X, R] are coordinated for to = TOi...m n w. 

Let for toi S M mappings W[f, X, R] and w[f, X, R] are coordinated. Let a £ A. 
According to the theorem 3.10 

(3.21) W(f,X,am 1 ) = aW(f,X,m 1 ) 

Because R is endomorphism of representation /, then, from the equation (3.21), it 
follows that 

(3.22) W{f,X,Ro(ami)) = W(f, X,aRo mi) = aW{f,X,Romi) 

From equations (3.21), (3.22) and the statement of induction, it follows that map- 
pings W[f, X, R] and w[f, X, R] are coordinated for to = ami. O 

Corollary 3.16. Let X be the generating set of the representation f . Let R be the 

endomorphism of the representation f. The mapping W[f, X, R] is endomorphism 
of representation of fli-algebra A in fl2-algebra W(f, X). □ 

Hereinafter we will identify mapping W[f, X, R] and the set of coordinates 
W(f,X,RoX). 

Theorem 3.17. Let X be the generating set of the representation f . Let R be the 
endomorphism of the representation f. Let Y C M. Then 

(3.23) W(f, X, Y) o W(f, A, R o X) = W(f, X,RoY) 

(3.24) W[f, A, R] * W(f, A, Y) = W(f, X,RoY) 
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Proof. The equation (3.23) follows from the equation 

R o Y = (R o m, m € Y) 

as well from equations (3.13), (3.14). The equation (3.24) is corollary of equations 
(3.23), (3.16). □ 

Theorem 3.18. Let X be the generating set of the representation f . Let R, S be 
the endomorphisms of the representation f . Then 

(3.25) W(f, X,SoX)o W(f, X,RoX) = W(f, X,RoSoX) 

(3.26) W[f, X, R] * W[f, X, S] = W[f, X,RoS] 

Proof. The equation (3.25) follows from the equation (3.23), if we assume Y = SoX. 
The equation (3.26) follows from the equation (3.25) and chain of equations 

{W[f, X, R] * W[f, X,S])* W(f, X, Y) 

= W[f, X, R] * (W[f, X, S] * W(f, X, Y)) 

= (W(f, X, Y) o W(f, X, SoX))o W(f, X,RoX) 

= W(f, X, Y) o (W(f, X,SoX)o W(f, X, R o X)) 

= W(f, X, Y) o W{f, X,RoSoX) 

= W(f,X,RoS)*W(f,X,Y) 

□ 

The concept of superposition of the coordinates is very simple and resembles a 
kind of Turing machine. If element m £ M has form either 

m = mi...m n uj 

or 

m = ami 

then we are looking for the coordinates of elements m, to substitute them in an 
appropriate expression. As soon as an element m € M belongs to the generating 
set of f^-algebra M, we choose the coordinates of the corresponding element of the 
second factor. Therefore, we require that the second factor in the superposition has 
been the set of coordinates of the image of the generating set X. 

We can generalize the definition of the superposition of coordinates and assume 
that one of the factors is a set of f^-words. Accordingly, the definition of the 
superposition of coordinates has the form 

w(f, X, Y) o W(f, X,RoX) = W(f, X, Y) o w(f, X, R o X) = w(f, X,RoY) 

The following forms of writing an image of the set Y under endomorphism R are 
equivalent. 

(3.27) RoY = W(f, X, y)o(floI) = W(f, X, Y) o (W(f, X, R o X) o X) 
From equations (3.23), (3.27), it follows that 

(3.28) (W(f, X, Y) o W(f, X,RoX))oX = W(f, X, Y) o (W(f, X, R o X) o X) 

The equation (3.28) is associative law for composition and allows us to write ex- 
pression 

W(f,X,Y)oW(f,X,RoX)oX 

without brackets. 
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Consider equation (3.25), where we see change in the order of endomorphisms 
in a superposition of the coordinates. This equation also follows from the chain of 
equations, where we can immediately see when order of endomorphisms changes 



(3.29) 



W(f, X, m) o W(f, X,RoSoX)oX 
■ (R o S) o m = R o (S o to) 
: R o {(W(f, X, m) o W(f, X,So X)) o X) 
W{f, X, m) o W(f, X,SoX)o W(f, X,RoX)oX 



From the equation (3.29), it follows that coordinates of endomorphism act over 
coordinates of element of f^-algebra M from the right. 

Definition 3.19. Let X C M be generating set of representation 

/ : A ->■ *M 

Let the mapping 

H :M -> M 

be endomorphism of the representation /. Let the set X' = H o X be the image 
of the set X under the mapping H. Endomorphism H of representation / is called 
regular on generating set X, if the set X' is the generating set of represen- 
tation /. Otherwise, endomorphism H of representation / is called singular on 
generating set X, □ 

Definition 3.20. Endomorphism of representation / is called regular, if it is 

regular on every generating set. □ 

Theorem 3.21. Automorphism R of representation 

f : A^*M 

is regular endomorphism. 

Proof. Let X be generating set of representation /. Let X 1 = Ro X . 

According to theorem 3.7 endomorphism R forms the map of f^-words w[f, X, R\. 

Let ml S M . Since R is automorphism, then there exists m S M , R o m = 
to'. According to definition 3.6, w(f,X,m) is il2-word, representing to relative to 
generating set X. According to theorem 3.7, w(f, X',m') is f^-word, representing 
of to' relative to generating set X' 

w(f, X', to') = w[f, X, R](w(f, X, to)) 

Therefore, X' is generating set of representation /. According to definition 3.20, 
automorphism R is regular. □ 

4. Basis of representation 

Definition 4.1. If the set X C M is generating set of representation /, then any 
set Y, X C Y C M also is generating set of representation /. If there exists 
minimal set X generating the representation /, then the set X is called basis of 
representation /. □ 

Theorem 4.2. The generating set X of representation f is basis iff for any m G X 
the set X \ {to} is not generating set of representation f . 
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Proof. Let X be generating set of representation /. Assume that for some m G X 
there exist f^-word 

(4.1) w = w(f,X\{m},m) 
Consider element m' such that it has 572-word 

(4.2) w' = w(f, X, m') 

that depends on m. According to the definition 3.6, any occurrence of m into SI2- 
word w' can be substituted by the f^-word w. Therefore, the f^-word w' does not 
depend on m, and the set X \ {m} is generating set of representation /. Therefore, 
X is not basis of representation /. □ 

Remark 4.3. The proof of the theorem 4.2 gives us effective method for constructing 
the basis of the representation /. Choosing an arbitrary generating set, step by 
step, we remove from set those elements which have coordinates relative to other 
elements of the set. If the generating set of the representation is infinite, then this 
construction may not have the last step. If the representation has finite generating 
set, then we need a finite number of steps to construct a basis of this representation. 

As noted by Paul Cohn in [4], p. 82, 83, the representation may have inequivalent 
bases. For instance, the cyclic group of order six has bases {a} and {a 2 , a 3 } which 
we cannot map one into another by endomorphism of the representation. □ 

Remark 4.4. We write a basis also in following form 

x = (x,x e X) 

If basis is finite, then we also use notation 

X = (x,J G I) = (xi, ...,x n ) 

□ 

Remark 4.5. We introduced f^-word of x £ M relative generating set X in the 
definition 3.6. From the theorem 4.2, it follows that if the generating set X is not 
a basis, then a choice of f^-word relative generating set X is ambiguous. However, 
even if the generating set A" is a basis, then a representation of m G M in form of 
f22-word is ambiguous. If mi, m n are f^-words, oj G Cl2(n) and a G A, then 5 

(4.3) a{m\...m n uj) = (ami)...(am„)w 

It is possible that there exist equations related to specific character of representa- 
tion. For instance, if uj is operation of fii-algcbra A and operation of 572-algebra M, 
then we require that f^-words a\...a n uix and a\x...a n xuj describe the same element 
of ^2-algcbra M. 6 

In addition to the above equations in fi2-algebra there may be relations of the 
form 

(4.4) Wl (f,X,m)=w 2 {f,X,m) m^X 



5 For instance, let {ei, be the basis of vector space over field k. The equation (4.3) has the 
form of distributive law 

a(fe 1 e 1 + b 2 e 2 ) = (ab 1 )^ + (ab 2 )e 2 

^For vector space, this requirement has the form of distributive law 

(o + b)ei = aei + bei 
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The feature of the equation (4.4) is that this equation cannot be reduced. 7 

On the set of f^-words w(f,X), above equations determine equivalence p(f) 
generated by representation /. It is evident that for any to € M the choice of 
appropriate f^-word is unique up to equivalence relations p(f). However, if during 
the construction, we obtain the equality of two f^-word relative to given basis, then 
we can say without worrying about the equivalence p(f) that these f^-words are 
equal. 

A similar remark concerns the mapping W(f, X, to) defined in the remark 3. 8. 8 

□ 

Theorem 4.6. Automorphism of the representation f maps a basis of the repre- 
sentation f into basis. 

Proof. Let the mapping R be automorphism of the representation /. Let the set 
X be a basis of the representation /. Let X' — Ro X . 

Assume that the set X' is not basis. According to the theorem 4.2 there exists 
such to' G X' that X' \ {x 1 } is generating set of the representation /. According to 
the theorem [3J-2.3.5, the mapping is automorphism of the representation /. 
According to the theorem 3.21 and definition 3.20, the set X \ {to} is generating set 
of the representation /. The contradiction completes the proof of the theorem. □ 

Theorem 4.7. Let X be the basis of the representation f . Let 

R x : X -> X' 

be arbitrary mapping of the set X. Consider the mapping of ^-words 

w[f,X,R 1 ]:w(f,X)^w(f,X') 
that satisfies conditions (1), (2), (3) of the theorem 3.7 and such that 

x G X => w[f,X,Ri]{x) = Ri(x) 
There exists unique endomorphism of representation f 9 

R: M M 

defined by rule 

Rom = w[f,X, i?!]( W (/,A,TO)) 



7 See for instance sections [3J-5.5.2, [3J-5.5.3. 

8 If vector space has finite basis, then we represent the basis as matrix 



We present the mapping W(f, e, v) as matrix 

W(f,%v) = 



Then 



W(f,e,v)(e') = W(f,e,v) (e 



has form of matrix product. 

^This statement is similar to the theorem [1]-4.1, p. 135. 
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Proof. The statement of theorem is corollary theorems 3.7, 3.11. □ 

Corollary 4.8. Let X, X' be the bases of the representation f. Let R be the 

automorphism of the representation f such that X' = R o X . Automorphism R is 
uniquely defined. □ 

Remark 4.9. The theorem 4.7, as well as the theorem 3.11, is the theorem of ex- 
tension of mapping. However in this theorem, X is not arbitrary generating set of 
the representation, but basis. According to remark 4.3, we cannot determine the 
coordinates of any element of basis through the remaining elements of the same 
basis. Therefore, we do not need to coordinate the mapping of the basis with 
representation. □ 

Theorem 4.10. The set of coordinates W{f,X,X) corresponds to identity trans- 
formation 

W[f,X,E] = W(f,X,X) 
Proof. The statement of the theorem follows from the equation 

m = W{f, X, m)oX = W(f, X, m) o W(f, X,X)oX 

□ 

Theorem 4.11. Let W(f, X, R o X ) be the set of coordinates of automorphism 
R. There exists set of coordinates W(f,RoX,X), corresponding to automorphism 
R . The set of coordinates W(f,RoX,X) satisfy to equation 

(4.5) W(f, X,RoX)o W(f, RoX,X) = W(f, X, X) 

W[f,X,R- x ] =W[f,X,R]- x =W(f,RoX,X) 

Proof. Since R is automorphism of the representation /, then, according to the 
theorem 4.6, the set RoX is a basis of the representation /. Therefore, there exists 
the set of coordinates W(f,R o X,X). The equation (4.5) follows from the chain 
of equations 

W(f, X,RoX)o W(f, RoX,X) = W{f, X,RoX)o W(f, X, R' 1 o X) 

= W{f, X, R^oRoX)^ W(f, X, X) 

□ 

Remark 4.12. In f2 2 -algcbra M there is no universal algorithm for determining the 
set of coordinates W(f, R o X, X) for given set W(f, X 7 Ro X). 1Q We assume that 
in the theorem 4.11 this algorithm is given implicitly. It is evident also that the set 
of f^-words 

(4.6) W{f,X,RoX)oW(f,RoX,X)oX 
in general, does not coincide with the set of f^-words 

(4.7) W{f,X,X)oX 

The theorem 4.11 states that sets of f^-words (4.6) and (4.7) coincide up to equiv- 
alence generated by the representation /. □ 



vector space, the matrix of numbers corresponds to linear transformation. Accordingly, 
the inverse matrix corresponds to inverse transformation. 
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Theorem 4.13. The group of automorphisms G(f) of effective representation f 
in 0,2-algebra M generates effective representation in ^-algebra M. 

Proof. From the corollary 4.8, it follows that if automorphism R maps a basis X 
into a basis X', then the set of coordinates W(f, X, X') uniquely determines an 
automorphism R. From the theorem 345, it follows that the set of coordinates 
W(f, X, X') determines the mapping of coordinates relative to the basis X un- 
der automorphism of the representation /. From the equation (3.27), it follows 
that automorphism R acts from the right on elements of f^-algebra M. From the 
equation (3.25), it follows that the representation of group covariant from right. 
According to the theorem 4.10, the set of coordinates W(f, X, X) corresponds to 
identity transformation. From the theorem 4.11, it follows that the set of coor- 
dinates W(f, R o X, X) corresponds to transformation, inverse to transformation 
W(f,X,RoX). □ 

5. Basis Manifold of Representation 

The set B(f) of bases of representation / is called basis manifold of repre- 
sentation /. 

According to theorem 4.6, automorphism R of the representation / generates 
transformation 

R : Y -> RoY 

(5.1) 

W(f, X,RoY) = W(f, X, Y) o W(f, X,Ro X) 

of the basis manifold of representation. This transformation is called active. Ac- 
cording to the theorem [3J-2.3.5, we defined active representation 

A(f) : G(f) -> B*(f) 

of group G(f) in basis manifold £>(/). According to the corollary 4.8, this repre- 
sentation is single transitive. 

Remark 5.1. According to remark 4.3, it is possible that there exist bases such 
that there is no active transformation between them. Then we consider the orbit of 
selected basis as basis manifold. Therefore, it is possible that the representation / 
has different basis manifolds. We will assume that we have chosen a basis manifold. 

□ 

Definition 5.2. Automorphism S of representation A(f) is called passive trans- 
formation of the basis manifold of representation. We also use notation 

S(X) = s*x 

to denote the image of basis X under passive transformation S. □ 
Theorem 5.3. Passive transformation of basis has form 

S : Y ~^S*Y 

(5.2) 

W(f, A, S * Y) = W(f, A, S * X) o W(f, X, Y) 

Proof. According to the equation (5.1), active transformation acts from right on 
coordinates of basis. The equation (5.2) follows from theorems [3J-2.5.12, [3]- 
2.5.13, [3J-2.5.15, according to these theorems, passive transformation acts from 
left on coordinates of basis. □ 
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Theorem 5.4. Let S be passive transformation of the basis manifold of the repre- 
sentation f. Let X be the basis of the representation f, X' = S-kX. For basis Y , let 
there exists an active transformation R such that Y = RoX . Assume Y' = RoX' . 
Then S-kY = Y' . 

Proof. According to equation (5.1), active transformation of coordinates of basis Y 
has form 

R: X' = S*X -+Y' 

(5.3) 

W(f, X, Y') = W(f, X, X') o W(f, X, Y) 
Let Y" = S-kY. From the equation (5.2), it follows that 

S : Y = R o X -> Y" 

(5.4) 

W{f, X, Y") = W(f, X, X') o W(f, X, Y) 

From match of expressions in equations (5.3), (5.4), it follows that Y' = Y" = S-kY. 
Therefore, the diagram 

B(f) *B(f) 



s 



s 



B(f) 

is commutative. □ 
Theorem 5.5. There exists single transitive passive representation 

P(f) : G(f) -> *B(f) 

Proof. Since A(f) is single transitive representation of group G(f), then according 
to the definition 5.2 and the theorem [3]-2.3.5, the set of passive transformations 
forms group. □ 

Let passive transformation S maps basis Y into basis 

Y'= S-kY 

(5.5) 

W(f, X, Y') = W(f, X,S*X)o W(f, X, Y) 
Let passive transformation T maps basis Y' into basis 

Y" = Tk Y 1 

(5.6) 

W(f, X 7 Y") = W(f, X,T -k X) o W{f, X, Y') 
Denote T k S the product of passive transformations T and S 

Y"=TkSkY 

(5.7) 

W(f, X, Y") = W(f, X,T -k S k X) o W(f, X, Y) 
From equations (5.5), (5.6), it follows that 
Y" = T -k S -k Y 

(5.8) 

W(f, X, Y") = W(f, X, T * X) o W(f, X,S*X)o W(f, X, Y) 
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From equations (5.7), (5.8) and theorem 5.5, it follows that 

(5.9) W(f, X, T * S * X) = W(f, X, T * X) o W(f, X,S*X) 

6. Geometric Object of Representation of Universal Algebra 

An active transformation changes bases and elements of f22-algebra uniformly 
and coordinates of element relative basis do not change. A passive transformation 
changes only the basis and it leads to change of coordinates of element relative to 
the basis. 

Let passive transformation S £ G(f) maps basis Y £ B(f) into basis Y' £ £>(/) 

(6.1) W(f, X, Y') = W(f, X,S*X)o W(f, X, Y) 
Let element to £ M has f^-word 

(6.2) m = W(f,Y,m)oY 
relative to basis Y and has f22-word 

(6.3) m = W(f,Y',m)aY' 
relative to basis Y' . From (6.1) and (6.3), it follows that 

W{f, Y, m) o Y = W(f, Y', m) o Y' = W{f, Y', m) o W(f, Y, Y') o Y 

(6.4) 

= W(f, Y', m) o W(f, Y, S*Y) o Y 
Comparing (6.2) and (6.4) we get 

(6.5) W(f, Y, m) = W(f, Y\ m) o W(f, Y,S*Y) 
Because S is automorphism we get from (6.5) and the theorem 4.11 

(6.6) W(f, Y', to) = W(f, Y, m) o W(f, S*Y,Y) 

Coordinate transformation (6.6) does not depend on element to or basis Y, but is 
defined only by coordinates of element to relative to basis Y. 

Theorem 6.1. Coordinate transformations (6.6) form contravariant effective T~k- 
representation of group G(f) which is called coordinate representation in D,2- 
algebra. 

Proof. According to corollary 3.16, the transformation (6.6) is the endomorphism 
of representation of ^i-algebra A into ^-algebra W(f,X). n 

Suppose we have two consecutive passive transformations S and T. Coordinate 
transformation (6.6) corresponds to passive transformation S. Coordinate trans- 
formation 

(6.7) W(f, Y", to) = W(f, Y', m) o W(f, T*Y,Y) 

corresponds to passive transformation T . Product of coordinate transformations 
(6.6) and (6.7) has form 

W(f, Y",m) - W(f, Y, m) o W(f, S * Y, Y) o W(f, T *Y,Y) 
= W(f,Y,m)oW(f,T*S*Y,Y) 

^^This transformation does not generate an endomorphism of the representation /. Coordinates 
change because basis relative which we determinate coordinates changes. However, element of Q2- 
algcbra M, coordinates of which we arc considering, does not change. 
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and is coordinate transformation corresponding to passive transformation T * S. 
It proves that coordinate transformations form contravariant T*-representation of 
group G(f). 

Suppose coordinate transformation does not change coordinates of selected basis. 
Then unit of group G(f) corresponds to it because representation is single transitive. 
Therefore, coordinate representation is effective. □ 

Let / be representation of fii-algebra A in f^-algebra M. Let g be representa- 
tion of fii-algebra A in f^-algebra N. Passive representation g p coordinated with 
passive representation f p , if there exists homomorphism h of group G(f) into group 
G(g). Consider diagram 12 




h 

Since mappings P(f), P(g) are isomorphisms of group, then mapping H is homo- 
morphism of groups. Therefore, mapping /' is representation of group G(f) in basis 
manifold B(g). According to design, passive transformation H(S) of ^-algebra N 
corresponds to passive transformation S of 02-algebra M. 

(6.9) Yif = H{S)*Y N 
Then coordinate transformation in N gets form 

(6.10) W(g, Y P , to) = W(g, Y N , to) o W(g, H(S) * Y P , Y P ) 
Definition 6.2. Orbit 

(W(g, Y N , n) o W(g, H(S) * Y N ,Y N ), S*Y M ,Se G(f)) 

is called geometric object in coordinate representation defined in il2-al- 
gebra M. For any basis Y' M = S*Ym corresponding point (6.10) of orbit defines 
coordinates of geometric object in coordinate space of representation 

relative basis Y' M . □ 

Definition 6.3. Orbit 

{W{g, Y N ,m)o W{g, H(S) * Y N , Y N ), H(S) *Y N ,S* Y M , S E G(/)) 

is called geometric object defined in 02-algebra M. For any basis Y' M = S*Ym 
corresponding point (6.10) of orbit defines coordinates of a geometric object 
in r^2-algebra M relative to basis Y' M and the corresponding vector 

p = W(g,Yp,p)oY P 

is called representative of geometric object in Sl2-algebra M . □ 

Since a geometric object is an orbit of representation, we see that according to 
the theorem [3J-2.4.13 the definition of the geometric object is a proper definition. 
We also say that p is a geometric object of type H 



12 We can relax definition of consistency of representations and assume that N is S72-algebra. 
Then it is sufficient to require that the mapping (h, H) is morphism of representations. However 
in this case, elements of affine representation cannot be geometric object of vector space. 
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Definition 6.2 introduces a geometric object in coordinate space. We assume 
in definition 6.3 that we selected a basis of representation g. This allows using a 
representative of the geometric object instead of its coordinates. 

Theorem 6.4 (invariance principle). Representative of geometric object does 
not depend on selection of basis Y' M . 

Proof. To define representative of geometric object, we need to select basis Ym, 
basis Yp and coordinates of geometric object W{g, Yp,p). Corresponding represen- 
tative of geometric object has form 

p = W(g,Y P ,p)oY P 

Suppose we map basis Ym to basis Y' M by passive transformation 

Y' M = SoY M 

According building this forms passive transformation (6.9) and coordinate trans- 
formation (6.10). Corresponding representative of geometric object has form 

p' = W(g,Y P ,p')oY P 

= W(g, Y P ,p) o W{g, H(S) * Y P , Y P ) o W(g, Y P , H{S) * Y P ) o Y P 

= W(g : Yp,p)oY P =p 

Therefore representative of geometric object is invariant relative selection of basis. 

□ 

Theorem 6.5. The set of geometric objects of type H is fl 3 -algebra. 
Proof. Let 

Pi = W{g,Yp,pi)oY P i=l,...,n 
For operation w £ ^(n) we assume 

(6.11) Pi-PnU = W{g,Yp,p 1 )...W{g,Yp,p n )ujoY P 

Since for arbitrary endomorphism S of f2 2 -algebra M , the mapping W(g, H(S) * 
Yni Yn) is endomorphism of f2 3 -algebra N, then the definition (6.11) is correct. □ 

Theorem 6.6. There exists the representation of VL\- algebra A in ^-algebra N of 
geometric objects of type H . 

Proof. Let 

p = W(g,Yp,p)oY P 

For a G A, wc assume 

(6.12) ap = aW(g,Y P , Pl )oYp 

Since for arbitrary endomorphism S of f22-algebra M , the mapping W(g, H(S) * 
Ypf, Ypf) is endomorphism of representation g, then the definition (6.12) is correct. 

□ 
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7. Examples of Basis of Representation of Universal Algebra 

7.1. Vector Space. Consider the vector space V over the field F. Given the set 
of vectors ei, e„, according to algorithm of construction of coordinates over 
vector space, coordinates include such elements as ~e\ + e.2 and ae\. Recursively 
using rules, contained in the definition 3.6, we conclude that the set of vectors e±, 

e n , generates the set of linear combinations 

a ei + ... + a e n 

According to the theorem 4.2, the set of vectors ei, e„, is a basis if for any i, 
i = 1, n, vector is not linear combination of other vectors. This requirement 
is equivalent to the requirement of linear independence of vectors. 

7.2. Representation of Group on the Set. Consider the representation from 
the example [3] -2. 6. 2. We can consider the set M as union of orbits of the repre- 
sentation of the group G. We can select for basis of the representation the set of 
points such that one and only one point belongs to each orbit. If X is the basis of 
representation, A G X, g 6 G, then f^-word has form A + g. Since there is no op- 
erations on the set M, then there is no f^-word containing different elements of the 
basis. If representation of group G is single transitive, then basis of representation 
consists of one point. Any point of the set M can be such point. 
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Mbi paccMaTpHBaeM Teopiiio npeflCTaBjieHHii ymiBepcajibHoii ajire6pbi KaK pac- 
innpeHHe TeopHH yniiBepcajiBHOfi ajire6pbi. JIio6aH ajireSpaiiHecKaa CTpyKTypa npe,n- 
nojiaraeT mhcmkectbo OTo6pajKeHHii, coxpaHsioiinix 9Ty CTpyKTypy. OTo6pa»ceHHe, 
coxpaHsromee CTpyKTypy npeflCTaBjiemifl yHHBepcajibHoft ajire6pbi, Ha3BiBaeTCH 

MOp(pH3MOM npeflCTaBJICHHII. 

HacTHbiM cjiynaeM Mopcpii3Ma npeflCTaBjieHHft aBjiaeTCH aBTOMopcpH3M npe/i,- 
CTaBjieHiia. IfeyHeHiie aBTOMopcpn3MOB npeflCTaBjieHHa Henocpe/jCTBeHHO CBH3aHO 
c Heo6xo,n;HMOCTbK) otbcthtb Ha Bonpoc KaKOBa CTpyKTypa MHOJKecTBa o6pa3yio- 
ihhx npe^CTaBjieHHH. Ecjih npeflCTaBjieHiie HMeeT MiraiiMajibHoe MHOJKecTBO o6pa- 
3yK>Hnix, to TaKoe mhojkcctbo Ha3BiBaeTCH 6a3HCOM npeflCTaBjieHiia. ABTOMopcpH3M 
npeflCTaBjieHHa OTo6pajKaeT 6a3iic b 6a3iic. 

MHOJKecTBO aBTOMop<pii3MOB npeflCTaBjiemia nopojK,n;aeT rpynny. IlapHbie npefl- 
CTaBjieHHH 3toh rpynnti b MHoro6pa3Hii 6a3HCOB npeflCTaBjieHiia Ha3BiBaK>TCH aic- 
THBHbiM h naccHBHbiM npeflCTaBjieHHHMH. IlaccHBHoe npe,n,CTaBjieHHe aBjiaeTca oc- 
hoboh noHSTHH reoMeTpHnecKoro o6i.eKTa h TeopHH HHBapnaHTOB npeflCTaBjieHHH 
yHHBepcajibHoii ajire6pBi. 

2. CorjlAIUEHHfl 

CorJianieHHe 2.1. B [4] npou3eoAbHasi onepauuK cuiae6pu o6o3HaueHa 6yKeou to, 
ufl- MHoatcecmeo onepauuil neKomopoil ynueepcaAwou ame6pu. Coomeemcmeen- 
ho, ynueepcaAtnasi aAzeGpa c MHoafcecmeoM onepavAiu o6o3Hauaemcji Q-aAze6pa. 
AnajiozuHHue o6o3HaueHU}i mu euduM e [2] c moii He6oAt>uiou pa,3nwupu, nmo one- 
pauun e a,Ade6pe o6o3HaHena 6yKeou f u T - MHoatcecmeo onepauxiu. H eu6paA 
nepeuii eapuaum o6o3HaneHuu, man KaK e smoM CAynae Aezue eudno, zde n uc- 
noAt>3yKi onepauuw. □ 

CorjiameHHe 2.2. Hycmt> A - £L\-aAze6pa. Uycmb B - fl2-aAge6pa. 3anuct> 

A—*-^B 

03HaHaem, nmo onpedeAeno npedcmaeAenue U,\-aAze6pu A e f^-a^e^pe B. □ 

Be3 coMHeHHH, y HHTaTejia MoryT 6biTb Bonpocbi, 3aMenaHHH, B03pa:aceHHfl. 51 
6yay npii3HaTejieH jno6oMy OT3biBy. 

3. MHOJKECTBO OBPA3yiOmHX nPEflCTABJIEHHfl 

Onpe^ejieHHe 3.1. ITycTb 

/ : A ->■ *M 

npeflCTaBjieHne f2i-ajrre6pBi A b f22-a-rre6pe M. MHOJKecTBO N C M Ha3BiBaeTCH 
CTa6HJitHWM MHOJKecTBOM npe,a,CTaBJieHHH /, ecjiH f(a)(m) £ N ,ii;.jih jho6bix 
a e A, m e N. □ 

Mbi TaKJKe 6yfleM roBopiiTB, *ito mhojkcctbo M CTa6njiBHO othochtcjibho npe,n,- 

CTaBJieHHH /. 

TeopeMa 3.2. Tlycvivb 

f : A *M 

npedcmaeAenue VL\-aAze6pu A e D,2-aAge6pe M . F[ycrm> MHoatcecmeo N C M kbasi- 
emcM nodaAze6pou Sl2-aA2e6pu M u cma6uAbHUM MHoatcecmeoM npedcmaeAeHusi 
f. Tozda cyuificmeyem npedcmaeAenue 

f N :A^*N 
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maKoe, umo /iv(a) = f(a)\N- IIpedcmaeAeHue /n naaueaemcji no,a,npeflCTaBJie- 
HHeM npe,n,CTaBJieHHH /. 

/^oKaaameAbcmeo. ITycTb U3\ - n-apHaa onepaniiH f2i-ajire6pBi A. Toiyja pjin jik>- 
6bix ai, a n G A h jiio6oro b E N 

(/2v(oi)— /iv(a n )wi)(6) = (f(a 1 )...f(a n )u} 1 )(b) 
= f(ai...a n uji)(b) 
= lN{ai...a n uJi)(b) 

IlycTb - n-apHaa onepainiH f22-a«nre6pBi M. Tor^a fljra jho6bix 61, b n 6 iV h 
jiK>6oro a € A 

/jv(a)(&i).../jv(a)(&n)w 2 = f{a){bi)...f(a)(b n )uj2 
= f(a)(bi...b n oj 2 ) 
= f N {a)(bi...b n uJ2) 

yTBepjKfleHne TeopeMBi flOKa3ano. □ 

H3 TeopeMBi 3.2 cjie,nyeT, hto ecjiH /at - no/HipeflCTaBjieHiie npeflCTaBjieHHH /, to 
OTo6pa»ceHHe (id : A — > A, id/v ■ N — > M) HBjiaeTCH MopcpH3MOM npeflCTaBjieHHH. 

TeopeMa 3.3. MnooKecmeo 1 Bf ecex nodnpedcmaeAeHuu npedcmaeAenusi f no- 
poofcdaem cucmeMy 3aMUKanuii na fl2-aAge6pe M u, cAedoeameAtHo, MBAJiemcM 
noAHoii cmpyKmypou. 

JJoKaaameAbcmeo. ITycTb (K\)xeA - ceMeiicTBO no,ii;ajire6p f22-ajire6pBi M, CTa- 
6hjibhbix othocht&jibho npeflCTaBjieHHH /. Onepainiio nepeceneHHH Ha mhojkgctbg 
Bf mbi onpeflejiHM corjiacHO npaBiuiy 

n = f nK >- 

OnepaniiH nepeceneHHH no/nipe/jCTaBjieHHH onpe/jejieHa KoppeKTHO. HK\ - noflaji- 
re6pa Q2-&nre6pbi M. IlycTB m G P\K\. JXjisi jiio6oro A G A h pjisi jiio6oro a G A, 
f{a)(m) G K\. CjiejrpBaTejiBHO, f(a)(m) G C\K\. CjieflOBaTejiBHO, C\K\ - CTa6iuiB- 
Hoe MHO»cecTBO npeflCTaBjieHiia /. □ 

06o3HanHM cooTBeTCTByromHH onepaTop 3aMBiKaHHa nepe3 J(f). TaKHM o6pa- 
30m, J(f, X) HBjiaeTCH nepeceneHHeM Bcex noflajire6p f22-aJire6pBi M , co,n,ep:s<:aiHHx 

X H CTa6HJIbHbIX OTHOCHTejiBHO npeflCTaBjieHHH /. 

TeopeMa 3.4. Tlycmi? 

f : A ->• *M 

npedcmaeAenue Q,\-aAze6pu A e f22-a,/ige5pe M . Ilycmb X C M. OnpedeAUM nod- 
MHoatcecmeo X k C M undyKt^ueu no k. 

X = X 
x G X k => x G X k+1 
xi G Xk, x n G Xk, u G f2 2 (n) => xi...x n ui G X k+1 
x G X k ,a G A => f(a)(x) G X k+1 

^Sto onpe^ejieHHe aHajioriiHHO onpeflejieimio CTpyKTypti noflajireSp ([4], CTp. 93, 94) 
2 yTBep»cfleHHe Teopenibi aHajiorHHHO yTBepjK^eHHK) TeopeMM 5.1, [4], CTp. 94. 
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Tozda 

oo 

[jx k = J(f,X) 

k=0 

/^OKaaameAbcmeo. Ecjih nojioxciiM U = UXk , to no onpeflejieniiio Xk HM66M Xq C 
J(f,X), h ecjin X k C J(f,X), to X k+ i C J(f,X). Ho HHflyKiniH cjie^yeT, hto 
Xk C J(f,X) rjik Bcex k. CjiejrpBaTejibHO, 

(3.1) UcJ(f,X) 

Ecjih a G U n , a = (ax, a n ), rne a,; € X^, h ecjin k = max{fci, fc n }, to 
ai...a n uj G Xk+i C U. CjiejrpBaTejibHO, U sBjuieTCs nojrajire6poH f22-a-Tre6pbi M. 

Ecjih m € U, to m € Xfc ,hjih HeKOToporo k. CjieflOBaTejibHO, f(a)(m) G -X"fc+i C 
U nflsi Jiio6oro a G A. Cjie^OBaTejibHO, U - CTaGnjibiioe mhojkcctbo npeflCTaBjieima 
/• 

Tax Kax U - no;i,ajire6poH f22-a-Jire6pbi M h CTa6HjibHoe mhojkgctbo npeflCTaB- 
jichhs /, to onpejrejieHO noflnpeflCTaBjieHiie fjj. CjieflOBaTejibHO, 

(3.2) J(f,X)cU 

Ha (3.1), (3.2), cjieflye-T J(f, X) = U . □ 

Onpe^ejieHHe 3.5. J(f,X) Ha3biBaeTCH no,n,npe,a,CTaBJieHHeM, nopojK,n,eH- 
hum MHoacecTBOM X, a X - MHoacecTBOM o6pa3yK)iii,HX noflnpeflCTaBJieHHH 
J(f,X). B nacTHOCTH, MHOxcecTBOM o6pa3yiom,HX npe,a,CTaBJieHHH / 6yn,eT 
TaKoe no^MHOJKecTBO X C M, ^ito J(f,X) = M. □ 

HeTpynrio BHfleTb, hto onpejrejieHHe MHOJKecTBa o6pa3yioiHHx npeflCTaBjieHira He 
3aBHCiiT ot toto, scpcpeKTHBHO npe^CTaBjieHHe HJIH HeT. IIoSTOMy B flajiBHeiinieM 
Mbi 6yn;eM npejjnojiaraTb, hto npe,zi,CTaBjieHHe sepcpeKTHBHO h 6yn,eM onnpaTbca Ha 
corjianieHHe rjih acpcpeKTHBHoro T*-npe,i];cTaBjieHHH b 3aMeHaHHH [3]-2.1.9. Mm 
Taitsce 6ya,eM nojn>30BaTbCJi 3annci>io 

Rom — R(m) 

Pjhl o6pa3a m G M npn 3HflOMopcpH3Me scpepeKTHBHoro npeflCTaBjieHiia. Corjiac- 
ho onpe^ejieHHio npoH3Be;i,eHHH OTo6pa»ceHHii, fljia jho6bix 3Hji,OMop(pii3MOB i?, S 

BepHO paBeHCTBO 

(3.3) {RoS)om = Ro(Som) 

PaBeHCTBO (3.3) aBjiaeTca 3aKOHOM accoiriiaTHBHOCTH fljia o h no3BOjis:eT 3anncaTb 
BbipajKeHiie 

Ro S o m 

6e3 Hcnojib30BaHiis cko6ok. 

H3 TeopeMbi 3.4 cjie^yeT cjiejjyioiHee onpejrejieiiiie. 

Onpe/jejiemie 3.6. rtycTb X C M. Jinn jno6oro x G J(f,X) cymecTByeT ^2- 
cjiobo, onpe;i,ejieHHoe corjiacHO cjie/ryioiHeMy npaBHjiaM. 

(1) Ecjih m G X, to m - f^-CJiOBO. 

(2) Ecjih mi, m n - f^-cjiOBa h lo G 0,2{ri), to mi...m n uj - f^-cjiOBO. 

(3) Ecjih m - I^-cjiobo h a G A, to am - f^-cjiOBO. 
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f22-cJioBO w(f,X,m) npeflCTaBjiaeT flaHHbifi sjigmght m G J(f,X). Mm 6yn,eM 
OTCWKflecTBjiHTb sjieMeHT m G </(/, X) h cooTBeTCTByiomee eMy f^-oiOBO, BbipaiKaa: 

3TO paBeHCTBOM 

m = w( f, X, m) 

AHajiorHHHO, pjia npoH3BOjibHoro MHoacecTBa B C J(f, X) paccMOTpiiM mho>kc- 
ctbo f^-cjiOB 3 

w(f,X,B) = {w{f,X,m) : m € B} 
Mbi 6yn,eM Taicsce nojib30BaTbCH 3anHCbio 

w(f,X,B) = (w(f,X,m),m € B) 
06o3HanHM w(f,X) MHoacecTBO SI2-CJ10B npe^CTaBJieHHH J(f, X). □ 
TeopeMa 3.7. 9ndoMopqiu3M R npedcmaeAenusi 

f : *M 
nopowcdaem omo6pacnceHue Q.2-CAO6 

w[f,X,R]:w(f,X) -+w(f,X') IcM X' = RoX 

maKoe, nmo 

(1) Ecau m G X , ml — R o m, mo 

w[f,X,R](m) = ml 

(2) Ecau 

mi, ...,m„ G w(f,X) 
m' 1 = w[f,X,R](mi) ... =w[/,I,R](m n ) 
mo oVi-s onepa%uu oj G ^2 (ti) cnpaeedAueo 

w[f,X, R]{m\...m n u)) = m! x ...m! n u 

(3) Ecau 

m€w(f,X) m' = w[f,X,R](m) aeA 

mo 

w[f,X,R](am) = am' 

/JoKasameAbcmeo. YTBepjKfleHHH (1), (2) TeopeMti cnpaBefljiiiBM b cnjiy onpe,n;e- 
jieHiis 3H,i];oMop(pH3Ma R. YTBepjKfleHHe (3) TeopeMbi cjiepyei H3 paBGHCTBa [3]- 
(2.2.4), Tax KaK r = id. □ 

3 Bt.ipa»ceHne w(f,X,ni) srajraeTca nacTHtiM cjiynaeni BtipaxeHHs w(f, X, B), a hmghho 

u>(/,X,{m}) = {«;(/, X,m)} 
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3aMeuaHue 3.8. IlycTb R - 3HflOMop4>H3M npeflCTaBjiennH /. IlycTb 
m&J(f,X) m' = Rom X' = RoX 

TeopeMa 3.7 yTBep:ac,zi,aeT, hto m' G Jf(X') . TeopeMa 3.7 Taitsce yTBepjKflaeT, 
hto f^-cjiOBO, npeflCTaBjiHromee to, othochtgjibho X n J^-cjiobo, npeflCTaBjraioiHee 
to', OTHOCHTGjibHO X' cpopMiipyiOTCH corjiacHO o/nroMy h TOMy *ce ajiropiiTMy. 3to 
no3BOjiaeT paccMaTpiiBaTb MHOJKecTBO f^-cjiOB w(f, X' , m') kbr OTo6pajKenne 

W(f, X, m) : X' -> w(f, X', to') 

W(f, X, to) (X') = W(f, X, to) o X' 
Taxoe, hto, ecjiH fljia: HeKOToporo SHflOMopcproMa R 

X' = RoX to' = R o to 

TO 

W(/, X, m)oI'= X', to') = to' 
OTo6pa»;eHHe X, m) Ha3biBaeTCH KOop,n,HHaTaMH ajieMeHTa to othoch- 

TejitHO MHOscecTBa X. AHajiorHHHO, mm MOxeM paccMOTpeTb KOop/ninaTM mho- 
jKecTBa B C J(f,X) othochtcjibho MHOJKecTBa X 

W{f, X, B) = {W(f, X, m):meB} = (W(f, X, to), to G B) 

0603HaHHM W(f,X) MHOJKeCTBO KOOp^HHaT npe^cTaBJieHHH J(f,X). □ 

TeopeMa 3.9. Ha MHOcucecmee Koopdunam W(f,X) onpedeAena cmpyKmypa f^- 
ajize6pu. 

/JoKaaameAbcmeo. IlycTb uj G ^(n). Tor,a,a ,h,jih jho6mx mi, m n G J{f,X) 

nOJIOJKHM 

(3.4) X, mi)...W(/, X, m n )cu = W(f, X, mi ...m n Lu) 

CorjiacHO 3aMenaHHio 3.8, H3 paBGHCTBa (3.4) cjie^yeT 

(W(f, X, mi )...W(f, X, m n )u) o X = W(f, X, m 1 ...m n u) ° X 

(3.5) 

= w(f,X,m 1 ...m n uj) 

CorjiacHO npaBiijry (2) onpeflejieHHH 3.6, H3 paBeHCTBa (3.5) cjie^yeT 
(3.6) 

(W(f, X, mi )...W(f, X, m n )u) o X = w(f, X, mi )...w(f, X, m n )uj 

= (W(f, X,mi)o X)...(W(f, X, m n ) o X)u 
H3 paBeHCTBa (3.6) cjiepyei KoppeKTHOCTt onpeflejieHiia (3.4) onepaniin uj Ha mho- 

>KeCTBe KOOpflHHaT. □ 

TeopeMa 3.10. OnpedeAeno npedcmae/ieHue U,\-aAze6pu A e Q,2-aAze6pe W{f, X). 
/^OKa3ameA , bcmeo. IlycTb a G A. Tor^a fljia jiio6oro m G J(f, X) nanojKHM 

(3.7) aW(f, X, to) = W(f, X, am) 
CorjiacHO 3aMeHaHHio 3.8, H3 paBeHCTBa (3.7) cjie^yeT 

(3.8) {aW(f, X, to)) o X = W{f, X, am) o X = w(f, X, am) 
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CorjiacHO npaBHjiy (3) onpeflejieHHH 3.6, 113 paBencTBa (3.8) cjie^yeT 

(3.9) {aW(f, X, m))oX = aw(f, X, m) = a{W{f, X, m) o X) 

H3 paBGHCTBa (3.9) cjie^yeT koppgkthoctb onpeflejiennH (3.7) npeflCTaBjieHHH ili- 
ajire6pbi A b f22-ajire6pe W(f,X). □ 

Teopeivra 3.11. IIycmt> 

f :A^> *M 

npedcmaeAenue Q,\-aAze6pu A e H,2-ajiee6pe M. JJ^jih 3adaHHux MHoencecme X C 
M, X' C M , nycmt omo6pajHzeHue 

cozAacoeano co cmpyKmypou npedcmaeJieHUJi f , m. e. 

oj e Q.2(ri) xi, x n , x\...x n oj e X, R\(x\...x n oj) e X' 
=> Ri(xi...x n w) = Ri(xi)...Ri(x n )u) 

x e X, a e A, Ri(ax) e X' 
—> Ri(ax) = aR\{x) 
PaccMompuM omo6pajfceHue ft^-cjioe 

w[f,X,R 1 ]:w(f,X)^w(f,X') 
ydoeAemeopnmmfie ycAoeusiM (1), (2), (3) meopeMU 3.7, u maKoe, umo 

x e X = > w[/,X,i?i](a;) = Ri(x) 
Cymficmeyem eduHcmeenHuu 3HdoMopcj}U3M VL2-aAze6pu M 

R: M -> M 

onpedeAetmuu npaeuAOM 

Rom = w[f,X, Ri]{w{f,X,m)) 
Komopuu HBAfiemcsi Mopcjju3MOM npedcmaeAHenuu J(f,X) u J(f,X'). 

/JoKasameAbcmeo. Mbi 6yn,eM flOKa3biBaTb TeopeMy HH/ryKHHeft no cjiojkhocth f^- 
cjiOBa. 

Ecjih w(f,X,m) = m, to m G X. CorjiacHO ycjiOBHio (1) TeopeMbi 3.7, 

Rom = w[f,X,Rx](w(f,X,m)) = w[f, X, i?i](m) = Ri(m) 

Cjie/i,OBaTejibH0, Ha mho^kgctbc X OTo6pa»ceHHa R h R± coBna/i,aiOT, h OTo6pa>Ke- 
Hue R corjiacoBano co CTpyKTypoit npeflCTaBjiemiH /. 

IlycTb lo € SI2 (n). IlycTb OTo6pajKeHiie R onpe^ejieno fljra mi, m n S J(/, X). 
E[ycTb 

wi = w(f, X, mi) ... w n = w(f, X, m„) 
Ecjih m = mi...m n Lo, to corjiacHO npaBHjiy (2) onpeflejieHHH 3.6, 

u>(/, X, m) = u>i...w; n <j 
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CoraacHO ycjiOBHio (2) TeopeMbi 3.7, 

Rom = w[f,X,R 1 ](w(f,X,m)) = w[f,X,R l ](wi...w n u) 

= w[f,X, Ri](wi)...w[f,X, Ri](w n )ui 

= (Ro mi)...(i? o m n )(jJ 

CjieflOBaTejibHO, OTo6pa:sceHHe R HBjiHeTca 3HflOMopcpH3MOM f22-ajire6pbi M. 

IlycTb OTo6pa>KeHHG R onpeflejieHO pjlk mi 6 J(f,X), W\ = w(f ', X,m\). 
IlycTb a G A. Ecjih m = ami, T0 coryiacHO npaBHjiy (3) onpeflejiemiH 3.6, 

w(f, X, ami) = awi 

CoraacHO ycjiOBHio (3) TeopeMbi 3.7, 

Rom = w[f, X, Ri] (w(f, X, m)) = w[f, X, Ri](awi) 

= aw[f, X, i?i](u>i) = aR o mi 

H3 paBeHCTBa [3]-(2.2.4) cne,zryeT, hto OTo6pa»ceHHe R HBjiaeTca Mop<pH3MOM npe,a;- 

CTaBJieHHH /. 

EfliiHCTBeHHOCTb 3HflOMop(pii3Ma R, a cjie^OBaTejibHO, KoppeKTHOCTb ero onpe- 
flejieHHH, cjie^yeT H3 cjie/ryioiHero paccyjKfleHiiH. ^onycTHM, m £ M HMeeT pa3- 
jiHHHbie f^-cjiOBa OTHOCHTejibHO MHOJKecTBa X , HanpHMep 

(3.10) m = xi...x n oj = ax 

TaK Kax R - SHflOMOMopcpiraM npeflCTaB jieHiiH , to H3 paBeHCTBa (3.10) cjie^yeT 

(3.11) Ro m = Ro (xi...x n Lo) = (Ro xi)...(R o x n )uj = Ro (ax) = aR o x 
Ife paBeHCTBa (3.11) cjie^yeT 

(3.12) Rom — (Ro xi)...(R o x n )uj — aR o x 

H3 paBeHCTB (3.10), (3.12) cjie,zryeT, hto paBeHCTBO (3.10) coxpaHaeTCH npn oto6- 
pa»ceHHH. CjieflOBaTejibHO, o6pa3 m He 3aBHCHT ot BbiGopa KOop^HHaT. □ 

3aMenaHue 3.12. TeopeMa 3.11 - sto TeopeMa o npo/i,oj»KeHHH OTo6pajKeHHH. E/hih- 
CTBeHHoe, hto Hail H3BecTHO o MHOJKecTBe X - 3to to, hto X - MHOMcecTBO 06- 
pa3yioiHiix npeflCTaBjieHHH /. OflHarco, MejK/ry sjieMeHTaMH MHOJKecTBa X MoryT 
cymecTBOBaTb cooTHOinenHH, nopojKfleHHbie jih6o onepainiHMii r22-ajire6pbi M , jih- 
60 npeo6pa30BaHiiHMH npeflCTaBjieHHH /. IIosTOMy npoH3BOjibHoe OTo6pajKeHiie 
MHOJKecTBa X, BOo6me roBopa, He mojkct 6biTb npoflOjcKeHO ,n;o 3HflOMop(pH3Ma 
npeflCTaBjieniia /. 4 O/niaKO, ecjiH OTo6pa»;eHHe Ri corjiacoBaHHO co CTpyKTypoft 
npeflCTaBjieHHa Ha MHOJKecTBe X, to mm mojkcm nocTpoHTb npoflOjiJKeHHe SToro 

0T06pa>KeHHH, KOTOpOe HBJIHeTCH 3HflOMOp<pH3MOM npeflCTaBjienHH /. □ 

Onpe^ejieHHe 3.13. IlycTb X - mhojkcctbo o6pa3yioiHHx npeflCTaBjieHHH /. IlycTb 

R - 3HflOMOp(pH3M npeflCTaBJieHHH /. MHOJKeCTBO KOOpflHHaT W(f, X, Ro X) na- 

3bmaeTca KOop^HHaTaMH 3H,a,OMop<pH3Ma npe/i,CTaBJieHHH. □ 

B TeopeMe 4.7, Tpe6oBamiH k MHO^KecTBy o6pa3yiomnx 6ojiee jkcctkhg. IloaTOMy TeopeMa 
4.7 roBopHT o npo^ojijKeHHH npoH3BOjiBHoro OTo6pa>KeHHsi. Bojiee no,i;po6HbiH aHanii3 ^aH b 3a- 
MeiaHHH 4.9. 



Ba3HC npc^cTaBjicHHH yHHBcpcajibHOH ajirc6pti 



9 



Onpe,n,e.jieHHe 3.14. IlycTb X - mhojkgctbo o6pa3yioiHiix npeflCTaBjiemia /. IlycTb 
R - 3H,n;oMop(pH3M npeflCTaBjieHHH /. IlycTb m G M. Mbi onpejj;ejiiiM cynepno3H- 
u;hio KoopflHHaT 3H,n;oMop(pii3Ma npeflCTaBjieHHH / n sjieivreHTa m KaK KOop,u;HHa- 
Tbi, onpe/i,ejieHHBie corjiacHO npaBiury 

(3.13) W(f, X, m) o W(f, X 1 RoX) = W(f, X,Rom) 

IlycTb Y C M. Mbi onpeflejiHM cynepno3imiiio KOopjxiiHaT 3H,n,OMopcpii3Ma npe;i- 
CTaBjienira / h MHOJKecTBa Y corjiacHO npaBHjiy 

(3.14) W(f, X, Y) o W(f, X,RoX) = (W(f, X, m) o W(f, X,Ro X), m e Y) 

□ 

TeopeMa 3.15. 9ndoMop(fiu3M R npedcmaejieHUJi 

f:A-> *M 

nopoofcdaem omo6paotceHue Koopdunam npedcmaejieHusi 

(3.15) W[f, X, R] : W(f, X) -> W(f, X) 
maKoe, umo 

W(f, X, m) -> W[f, X, R] * W(f, X, m) = W(f, X, R o m) 

(3.16) 

W[f, X, R] * W{f, X, to) = W(f, X, m) o W(f, X,RoX) 

/J,oKa3ameAbcm6o. CorjiacHO 3aMeHaHiiio 3.8, mh mojkcm paccMaTpiiBaTb paBeH- 
CTBa (3.13), (3.15) OTHOCiiTejibHO 3a;j,aHHoro MHoacecTBa o6pa3yiomiix X. Ilpii stom 
KOopfliinaTaM W(f,X,m) cooTBeTCTByeT cjiobo 

(3.17) W(f, X, m)oX = w(f, X, m) 
a KOopfliiHaTaM W(f, X,Ro m) cooTBeTCTByeT cjiobo 

(3.18) W{f,X,Rom)oX = w(f,X,Rom) 

IIosTOMy jj,jih Toro, ^rroGbi /K)Ka3aTb TeopeMy, hsm jjpcTaTO^HO noKa3aTb, mo oto6- 
pa»:eHiiio W[f, X, R] cooTBeTCTByeT OTo6pa»ceHiie w[f, X, R]. Mbi 6y^eM ,n;oKa3bi- 
BaTb sto yTBep»c^,eHiie imjiyKniieH no cjiojkhocth f^-cjiOBa. 

Ecjih to G X, to' = Rom, to, corjiacHO paBeHCTBaM (3.17), (3.18), OTo6pa>KeHii5i 
W[f, X, R] ii w[f, X, R] corjiacoBanBi. 

IlycTb jj,jih mi, to„ E X OTo6pa»;eHiiH W[f, X, R] ii w[f, X, R] corjiacoBaHBi. 
IlycTb u £ 02(n). CorjiacHO TeopeMe 3.9 

(3.19) W(f, X, mi ...m n u) = W(f, X, mi)...W(J, X, m„)w 

Tax KaK R - 3Hjj,OMop(pH3M f22-a-rre6pbi M, to H3 paBGHCTBa (3.19) cjiejryeT 

(3 20) W{Jl Xl R ° ( mi - m » w )) = W V> X ' ( R ° mi)...(R o m n )uj) 

= W(f, X, R o mi )...W(f, X, R o m n )io 

H3 paBCHCTB (3.19), (3.20) h npeflnojiojKeniifl HHjxyKiniii cjie/ryeT, hto OTo6pajKeHiiH 
W[f, X, R] ii w[f, X, R] corjiacoBaHbi fljia m = m\...m n ix). 

IlycTb jj,jih mi € M OTo6pajKeHiis: W[f, X, R] h w[f, X, R] corjiacoBaHbi. IlycTb 
a e A. CorjiacHO TeopeMe 3.10 

(3.21) W(f,X,am 1 ) = aW(f,X,m 1 ) 
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Tax KaK R - 3H,a,OMopcpH3M npeflCTaBjieHiia /, to 113 paBeHCTBa (3.21) cjieflyei 

(3.22) W(f,X,Ro(ami)) = W(f, X, aR o mi) = aW(f, X, R o mi) 

H3 paBGHCTB (3.21), (3.22) h npeflnojiosKeniiH HH/ryKinoi cjie/ryeT, hto OTo6pa»;eHHH 
W[/, X, 7?] h X, R] corjiacoBanbi fljia m = ami. □ 

CjieflCTBHe 3.16. Ilycmb X - MHoatcecmeo o6pa3ywuj,ux npedcmaeAeHUM f . Ilycmb 
R - 3HdoMopc/}U3M npedcmaeAeHUM f. Omo6pajtceHue W[f, X, R] MBAMemcM sndo- 
Mop(pu3MOM npedcmaeAeHUM VL\-aJize6pu A e Q,2-aAze6pe W{f, X). □ 

B flajibHefiineM mh 6ya,eM OTOJKflecTBjiHTb OTo6pa»ceHHe W[f, X, R] h MHO»ce- 
ctbo KOopflimaT W(f, X,Ro X). 

TeopeMa 3.17. Ilycmb X - MHoatcecmeo o6pa3ywui,ux npedcmaeAeHUM f . Ilycmb 
R - 3HdoMop(pu3M npedcmaeAeHUM f. Ilycmb Y C M . Tozda 

(3.23) W(f, X, Y) o W(f, X,RoX) = W(f, X,RoY) 

(3.24) W[f, X, R] * W(f, X, Y) = W(f, X,RoY) 

floKa3ameAbcmeo. PaBeHCTBO (3.23) HBjiaeTCH cjieflCTBiieM paBGHCTBa 

R o Y = {R o m, m 6 Y) 

a TaioKe paBGHCTB (3.13), (3.14). PaBeHCTBO (3.24) HBjiaeTCH cjieflCTBiieM paBencTB 
(3.23), (3.16). □ 

TeopeMa 3.18. Ilycmb X - MHOJtcecmeo oSpasywu^ux npedcmaeAeHUM f . Ilycmb 
R, S - 3HdoMopifiu3MU npedcmaeAeHUM f . Tozda 

(3.25) W (/, X, S o X) o W(f, X,RoX) = W(f, X,RoSoX) 

(3.26) W[f, X, R] * W[f, X, S] = W[f, X,RoS] 

floKa3ameAbcmeo. PaBeHCTBO (3.25) cjie^yeT 113 paBeHCTBa (3.23), ecjni nojioaciiTb 
Y = S o X . PaBeHCTBO (3.26) cjie^yeT H3 paBeHCTBa (3.25) 11 nenoHKH paBeHCTB 

(W[f, X, R] * W[f, X, S}) * W(f, X, Y) 

= W[f, X, R] * (W[f, X, S] * W(f, X, Y)) 

= {W(f, X, Y) o W(f, X, SoX))o W(f, X,RoX) 

= W(f, X, Y) o (W(f, X,SoX)o W(f, X,Ro X)) 

= W(f, X, Y) o W(f, X,RoSoX) 

= W(f,X,RoS)*W{f,X,Y) 

□ 

KoHHeninis cynepno3iiHHH KOop/niHaT oneHb npocTa h HanoMimaeT CBoeo6pa3- 
Hyro ManiHHy TiopiiHra. Ecjih ajieMeHT m S M HMeeT bh,h, 

m = mi...m n tjJ 

HJIH 

m = ami 

TO MM HIHeM KOOpflHHaTBI SJieMeHTOB 771;, RJISl TOrO 1T06bI nOflCTaBHTb HX B COOT- 

BeTCTByromee Bbipa»ceHHe. KaK TOjibKO sjieMeHT m £ M npHHafljiejKHT MHOJKecTBy 
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o6pa3yK>in;Hx f22-ajire6pbi M, mm Bbi6npaeM KOop/niHaTbi cooTBeTCTByiomero ajie- 

MeHTa H3 BTOpOrO MHOJKHTejIH. IIoSTOMy Mbl Tpe6yeM, TIT06bI BTOpOH MHOJKHTejIb 

b cynepno3HD,HH 6biji mhcdkcctbom KOopfliinaT o6pa3a MHCBKecTBa o6pa3yiomHx X. 
Mbi MO»ceM o6o6m,HTb onpeflejieHiie cynepno3HHHH KOop/niHaT h npe/HiojiCBKHTb, 

HTO OflHH H3 MHOJKHTejieft HBJIHeTCH MHOJKGCTBOM f^-CJIOB. CoOTBCTCTBCHHO, Onpe- 

,n,ejieHHe cynepno3iin,HH KOop/niHaT HMeeT bh,h, 

w(f, X, Y) o W(f, X,RoX) = W(f, X, Y) o w(f, X,RoX) = w(f, X,RoY) 

Cneflyioiinie cpopMbi 3aniiCH o6pa3a MHOJKecTBa Y npn 3HflOMopcpH3Me R skbh- 
BajieHTHbi. 

(3.27) RoY = W(f, X, Y)o(RoX) = W(f, X, Y) o (W(f, X,RoX)oX) 
H3 paBGHCTB (3.23), (3.27) cjie^yeT, hto 

(3.28) (W(f, X, Y) o W(f, X,Ro X)) oX = W(f, X, Y) o (W(f, X,RoX)oX) 

PaBeHCTBO (3.28) HBjiaeTCH 3aKOHOM accoiniaTHBHOCTH fljia onepainiH komho3hh,hh 
h no3BOjiaeT 3anncaTb BbipajKenne 

W(f,X,Y)oW(f,X,RoX)oX 

6e3 Hcnojib30BaHiis cko6ok. 

PaccMOTpHM paBGHCTBO (3.25) r^e mh bh^hm H3MeHeHiie nopaflKa SHflOMopcpm- 
mob b cynepno3iin,iiH KOopfliinaT. 3to paBeHCTBO Taitsce cjie,nyeT H3 nenoHKH pa- 
bchctb, r^e mh MCKKeM HenocpeflCTBeHHO BHfleTb, Korfla H3MeHaeTCH nopaflOK sh- 

,H,OMOp(pH3MOB 

W(f, X, to) o W(f, X,RoSoX)oX 
= (R O S) O TO = R o (S o to) 

(3 29) 

= R o ((W(f, X, to) o W(f, X, SoX))o X) 

= W(f, X, to) o W(f, X,SoX)o W(f, X,RoX)oX 

H3 paBCHCTBa (3.29) cjie/iyeT, hto KOop/niHaTbi 3H,noMop(pH3Ma ^eitcTByiOT Ha ko- 
op,u;HHaTbi sjieMeHTbi f22-ajire6pbi M cnpaBa. 

Onpe^ejieHHe 3.19. IlycTb X C M - mhojkcctbo o6pa3yioiHHx npeflCTaBjiemia 

/ : A -> *M 

IlycTb OTo6pa»;eHHe 

H-.M-+M 

HBJIHeTCH 3HflOMOp(pH3MOM npeflCTaBJieHHH /. IlyCTb MHTOKeCTBO X' = H O X HB- 

jiHeTCH o6pa30M MHO»cecTBa X npn OTo6pa»ceHHH H. 3h,h,omop<ph3m H npeflCTaB- 
jieHHH / Ha3biBaeTCH HeBbipoxfleHHbiM Ha MHOJKecTBe o6pa3yK>m,HX X, ecjiii 
MHOJKecTBO X' HBjiaeTCH mhojkectbom o6pa3yioiHHx npe/i,CTaBjieHHa /. B npoTHB- 
hom cjiynae, 3H,n;oMop(pii3M H npe^CTaBjieHiiH / Ha3biBaeTCH BBipcxacfleHHBiM Ha 
MHoacecTBe o6pa3yioiHHX X, □ 

Onpe^ejieHHe 3.20. 3H,ii;oMopcpH3M npeflCTaBjieniis / Ha3biBaeTCH HeBtipo>K- 

/jeHHBIM, eCJIH OH HeBbipOJKfleH Ha JIK)60M MHOJKeCTBe o6pa3yioiHHx. □ 
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TeopeMa 3.21. AemoMopcjju3M R npedcmaejieHUH 

f:A-> *M 
RBJinemcsi neeupoMcdennuM 3ndoMop(f>u3MOM. 

/toKasameAbcmeo. ITycTb X - mhojkgctbo o6pa3yK>iinix npeflCTaBjieHHH /. IlycTb 
X' = RoX. 

CorjiacHO TeopeMe 3.7 3HflOMop(pii3M R nopojKflaeT OTo6pajKeHiie f^-cJiOB w[f, X, R] 
IlycTb to' G M. Tax Kax R - aBTOMopcpii3M, to cymecTByeT m S M, Rom = m'. 
CorjiacHO onpejj;ejieHHio 3.6, w(f ', X,m) - f^-cJiOBO, npeflCTaBjunomee m othoch- 
TejibHO MHOJKecTBa o6pa3yK)nxHX X. CorjiacHO TeopeMe 3.7, w(f,X',m') - O2-CJ10- 
bo, npeflCTaBjunomee m' OTHoraiTejibHO MHO»cecTBa o6pa3yioiHHx X' 

w(f, X', m') = w[f, X, R](w(f, X, m)) 

CjieflOBaTejibHO, X' - mho^kcctbo o6pa3yK>iinix npeflCTaBjieHiia /. CorjiacHO onpc- 
/jejieHHio 3.20, aBTOMop(pn3M R - HeBbipojKfleH. □ 

4. BA3HC nPEflCTABJIEHHH 

Onpe^ejieHHe 4.1. Ecjih mhojkbctbo X C M hbjihbtch mhokectbom o6pa3y- 
ioihhx npeflCTaBjieHHH /, to jiio6oe mhojkcctbo Y, X C Y C M Taitsce HBjiHeTCH 
MHOJKecTBOM o6pa3yK>iHirx npeflCTaBjieiiHH /. Ecjih cyinecTByeT MHHHMajibHoe mho- 
»cecTBO X, nopojKflaiomee npe^CTaBjieHHe /, to Taxoe MHO»cecTBO X Ha3biBaeTCH 
6a3HCOM npe,a,CTaBJieHHH /. □ 

TeopeMa 4.2. MHoatcecmeo o6pa3ymw 1 ux X npedcmaeAenusi f sieAfiemcsi 6a3u- 
com mozda u moAt>KO mozda, Kozda 3asi ak>6ozo to G X MHOcucecmeo X \ {to} ne 
RBAKemcsi MHOCHcecmeoM o6pa3ywm l ux npedcmaeAenusi f . 

/J,0Ka3ameAt>cm60. IlycTb X - mhojkbctbo o6pa3yioiHHX paccjioeiiHH /. ^onycTHM 
,h,jiji HeKOToporo m £ X cymecTByeT Q2-CJ10BO 

(4.1) w = w(f, X \ {to}, to) 

PaCCMOTpHM SJieMeHT TO', JIJIH KOToporo r2 2 -cjiOBO 

(4.2) w' =w(f,X,m') 

3aBiiCHT ot to. CorjiacHO onpejrejieHHio 3.6, jiio6oe Bxo»meHHe to b f^-cjiOBO w' 

MOJKBT 6bITb 3aMeHeHO f^-CJIOBOM W. CjieflOBaTejIBHO, f22"CJIOBO Vj' He 3aBHCHT OT 

to, a MHOJKecTBO X \ {m} HBjiaeTCH mhojkcctbom o6pa3yioiHHx npeflCTaBjieHHH /. 
CjieflOBaTejibHO, X He HBjiaeTca: 6a3HCOM paccjioeniia /. □ 

3aMenanue 4.3. ^OKa3aTejn>CTBO TeopeMbi 4.2 p^aei HaM sepcpeKTHBHbiii MeTOfl no- 
CTpoeiiHH 6a3Hca npeflCTaBjienHH /. Bbi6paB npoH3BOjibHoe mhojkbctbo o6pa3yio- 
nnix, Mbi mar 3a niaroM HCKjnonaeM Te sjieMeHTbi MHOJKecTBa, KOTopbie hmciot 
KOopflHiiaTbi OTHOCHTejibHO ocTajiBHbix sjieMeHTOB MHOJKecTBa. Ecjih mhojkectbo 
o6pa3yK>iHiix npe^CTaBjieHHa 6ecKOHeHHO, to paccMOTpeHHaa onepainiH mojkbt He 
HMGTb nocjie/niero mara. Ecjih npeflCTaBjieHne HMeeT KOHenHoe mhojkcctbo o6pa- 
3yioiHHx, to 3a KOHenHoe hhcjio niaroB mbi mojkbm nocTpoHTb 6a3HC stoto npeja,- 

CTaB JieHHH . 

KaK OTMeTHji Koh b [4], CTp. 96, 97, npejrcTaBjieHHe mojkbt hmctb HesKBHBa- 
jieHTHbie 6a3HCbi. HanpiiMep, i^HKjiHHecKaa rpynna niecToro nopHjiKa HMeeT 6a3H- 
cm {0} h {a 2 , a 3 }, KOToptie Hejib3H OTo6pa3iiTb ojxhh b flpyroit 3H,ii;oMop(pH3MOM 
npeflCTaBjieHiis. □ 
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3aMenaHue 4.4. Mm 6yn,eM 3anHCBmaTB 6a3iic TaKsce b BH^e 

X = (x, x G X) 

Ecjih 6a3iic - KOHe^Hbift, to Mbi 6yfleM TaKJKe nojiB30BaTBCH 3anHCBK> 

X = (xi,i G I) = (xi, ...,x n ) 



□ 



3aMeuaHue 4.5. Mbi bbcjih I^-cjiobo sjieMeHTa x G M othochtgjibho MHOJKecTBa 
o6pa3yK)m,Hx X b onpe,a,ejieHHH 3.6. Ha TeopeMBi 4.2 cjie^yeT, hto ecjm mhojkcctbo 
o6pa3yioiirHx X He HBjraeTCH 6a3HCOM, to BBi6op Sl2-cjiOBa othocht&jibho MHOJKe- 
CTBa o6pa3yioiHHx X HeojiH03HaHeH. Ho fla>Ke ecjiH MHOJKecTBO o6pa3yK>nnix X 
HBjiaeTCH 6a3iicoM. to npeflCTaBjiemie m G M b BHjre f22-cjiOBa HeojiH03HaHHO. 
Ecjih mi, m n - f22-cjroBa, ui G O2 («-) h a G A, to 5 

(4.3) a(mi...m I1 u) = (omi)...(om„)w 

Bo3mojkhbi paBeHCTBa, CBH3aHHbie co cneinicpiiKon npeflCTaBjieHira. HanpHMep, ec- 
jih lj aBjiaeTCH onepaHiieft f2i-ajire6pBi A 11 onepainieH 5l2-aJire6pBi M, to Mbi 
MOxeM noTpe6oBaTB, hto f^-cjiOBa ai...a n uix h aix...a n xu> oniiCBiBaiOT ojthh 11 tot 
ace ajieMeHT f22-ajire6pBi M. 6 

IIomhmo nepeHiicjieHHbix paBeHCTB b f^-ajrreGpe MoryT cymecTBOBaTB cootho- 
HieniiH BHfla 



Oco6eHHOCTbio paBeHCTBa (4.4) hbjihctch to, hto sto paBeHCTBO He mojkbt 6biTb 
npiiBejj,eHHO k 6ojiee npocTOMy Bimy. ' 

Ha MHO»cecTBe f22-cji0B w(f,X), nepeHiicjieHHBie Bbiine paBeHCTBa onpe,n,ejiH- 
K3T OTHomeHHe SKBHBajieHTHOCTH p(f), nopojK,n;eHHoe npe/jcTaBJiemieM /. 
O^eBiiflHO, ^rro jijih npoii3BOjibHoro m G M Bbi6op cooTBeTCTByiomero J^-cJiOBa 
OAH03HaHeH c tohhoctbio ,0,0 OTHOineHHH SKBiiBajieHTHOCTii p(f). TeM He MeHee, ec- 
jih b nponecce nocTpoemiH mbi nojiy^HM paBeHCTBO flByx f2 2 -cjT0B othochtcjibho 
3a;iaHHoro 6a3nca, mbi mojkbm yTBepjKjiaTB, hto sth f^-cnoBa paBHBi, He 3a6oTHCB 

06 OTHOHieHHH SKBIIBajieHTHOCTH p(/). 

AHajiorHHHoe 3aMeHaHiie KacaeTCH OTo6pa»ceHHH W(f,X,m), onpeflejieHHoro b 
3aMenaHHH 3. 8. 8 □ 

TeopeMa 4.6. AemoMopcp'u3M npedcmaeJienusi f omo6paotcaem 6a3uc npedcmae- 
jienusi f e 6a3uc. 

J HanpiiMep, nycTB {ei,e2} - 6a3HC BeKTopHoro npocTpaHCTBa Hafl nojieM k. PaBeHCTBO (4.3) 
npuHHMaeT (popiviy 3aKOHa ^,ncTpii6yTHBHOCTii 



'JXnn BGKTopHoro npocTpaHCTBa 3to Tpe6oBaHHe npHHHMaeT (popiuy 3aKOHa flHCTpH6yTHBHO- 



Cmotph, HanpHMep, noflpa3flejibi [3J-5.5.2, [3]-5.5.3. 

Ecjih 6a3HC BeKTopHoro npocTpaHCTBa - KOHeneH, to mbi MO^KeM npe^CTaBHTB 6a3HC b BH/^e 

MaTpHHBI CTpOKH 



(4.4) 




a(fe 1 e 1 + b 2 e 2 ) = (ab 1 )^ + (ab 2 )e 2 



CTH 



(a + b)ei = aei + be\ 
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/JoKasameAbcmeo. IlycTb OTo6pa>KeHHe R - aBTOMopcpH3M npeflCTaBjieHiia /. ITycTb 
MHOJKecTBO X - 6a3HC npeflCTaBjieniis /. HycTb X' = Ro X. 

/JonycTiiM MHO»cecTBO X' He hbjihctch 6a3iicoM. CorjiacHO TeopeMe 4.2 cyme- 
CTByeT m' £ X' Taxoe, hto X'\{x'} HBjraeTCH mho>k6cteom o6pa3yioiHHx npeflCTaB- 
jichhs /. CorjiacHO TeopeMe [3]-2.3.5 OTo6pa»ceHHe R~ 1 HBjiaeTCH aBTOMopcpii3MOM 
npeflCTaBjiemia /. Corjiacno TeopeMe 3.21 ii onpeflejieHHio 3.20, MHOJKecTBO X\{m} 
HBjiHeTCH MHoacecTBOM o6pa3yiomHx npeflCTaBjieHHH /. IlojiyHeHHoe npoTHBope^ine 
,n,OKa3biBaeT TeopeMy. □ 

TeopeMa 4.7. Ilycmb X - 6a3uc npedcmaeAenusi f . Ilycmb 

Ri-.X^X' 

npou360/ibHoe omo6pamceHue Mnootcecmea X . PaccMompuM omo6paotceHue r^-c/ioe 



w[f,X,R 1 ]:w(f,X)^w(f,X') 
ydoeAemeopnmmfie ycAoeusiM (1), (2), (3) meopeMU 3.7, u maKoe, nmo 

x G X => w[f,X,Ri]{x) = Ri(x) 
Cyvdficmeyem eduHcmeenHuu 9HdoMopcf)U3M npedcmaejmeHUfi f 9 

R-.M^-M 

onpedeAetmuu npaeuAOM 

Rom = w[f, X, #!](«>(/, X,ro)) 

/joKasameAbcmeo. YTBepiKfleHHe TeopeMbi HBjiaeTCH cjie/i,CTBHeM TeopeM 3.7, 3.11. 

□ 

Cjie^CTBHe 4.8. Ilycmb X, X' - 6asucu npedcmaeAenusi f. Ilycmb R - aemo- 
Mop(pu3M npedcmaeAenusi f maKoii, umo X' = RoX . AemoMopcfjusM R onpedeAen 

0dH03HaHH0. □ 

3aMeuaHue 4.9. TeopeMa 4.7, Tax »ce KaK h TeopeMa 3.11, HBjiaeTca TeopeMoii o 
npoflOjiJKeHHH OTo6pa»ceHHH. OflHaKO 3j\eci> X - He npoii3BOjibHoe MHOJKecTBO 06- 
pa3yioiHiix npeflCTaBjieHHH, a 6a3HC. CorjiacHO 3aMeHaHHK> 4.3, mm He MO»ceM onpe- 
,n,ejiHTb KOop,n;HHaTbi jno6oro sjieMeHTa 6a3Hca nepe3 ocTajibHbie sjieMeHTbi SToro 
»ce 6a3Hca. ITosTOMy OTna^aeT Heo6xo,i];iiMOCTb b corjiacoBaHHOCTii OTo6pa*:eHHH 
6a3Hca c npeflCTaBjieHHeM. □ 



Mm mo>k6m npeflCTaBHTb OTo6pa>KeHHe W{f, e, v) b BHfle MaTpni^bi CTOjr6i^a 



Toryia 



W(f,e,v)(e') = W(f,e,v)(e' 1 



(A 

W 



HMeeT BHfl npOH3Be,z],eHHH MaTpHu;. 

^9to yTBepjK^eHHe noxo^e Ha TeopeMy [1]-1, c. 104. 



Ba3HC npc^cTaBjicHHH yHHBcpcajibHOH ajirc6pti 



15 



TeopeMa 4.10. Ha6op Koopdunam W(f, X, X) coomeemcmeyem mootcdecmeen- 
HOMy npeo6pa3oeanuw 

W[f,X,E] = W(f,X,X) 
J],oKa3ameji'bcmeo. yTBepjKflemie TeopeMbi cjie/ryeT H3 paBeHCTBa 
m = W(f, X, m) o X = W(f, X, m) o W(f, X,X)oX 

□ 

TeopeMa 4.11. Tlycmt, W{f,X,RoX) - Mnoomecmeo Koopdunam aemoMopaiu3- 
Ma R. Onpede/ieno Mnoofcecmeo Koopdunam W(f, R o X, X), coomeemcmey?oiu,ee 
aemoMoptfiu3My R . Mnoofcecmeo Koopdunamu W{f,RoX,X) ydoejiemeopsimm 
paeencmey 

(4.5) W(f, X,RoX)o W(f, RoX,X) = W(f, X, X) 

W[f,X,R- x ] = W{f,X,R]- x =W(f,RoX,X) 

/joKasamejibcmeo. IIocKOjibKy R - aBTOMOpcpii3M npeflCTaBjieHHH /, to, corjiacHO 
TeopeMe 4.6, mho)kcctbo RoX - 6a3iic npeflCTaBjieHHH /. CjieflOBaTejibHO, onpe,u;e- 
jieHO mhojkbctbo KOopflHHaT W(f, RoX, X). PaBeHCTBO (4.5) cjie^yeT H3 nenoHKH 
paBeHCTB 

W(f, X,RoX)o W(f, RoX,X) = W(f, X,RoX)o W(f, X, R' 1 o X) 

= W(f, X, R-'oRoX)^ W(f, X, X) 

□ 

3aMeuanue 4.12. B 02-ajire6pe M He cymecTByeT ymiBepcajibHoro ajiropHTMa 
onpe/i,ejieHHa MHOJKecTBa KOop/niHaT W(f, R o X, X) ^,jih 3aflaHHoro MHOJKecTBa 
W(f, X, RoX). 10 Mbi nojiaraeM, hto b Teopeivie 4.11 3tot ajiropnTM 3a^aH hcsbho. 
OneBiiflHO Taitace, hto mho^kcctbo f22-cji0B 

(4.6) W{f,X,RoX)oW{f 1 RoX,X)oX 
BOo6m,e roBopa, He coBna^aeT c mho^kcctbom f^-cjiOB 

(4.7) W(f,X,X)oX 

TeopeMa 4.11 yTBepjKflaeT, hto MHOJKecTBa f22-cjiOB (4.6) h (4.7) coBnaflaiOT c toh- 
hoctbio flo OTHOineHHH SKBHBajieHTHOCTH, nopojKfleHHOii npe^CTaBjreHiieM /. □ 

TeopeMa 4.13. Fpynna aemoMopcj}U3Moe G(f) dQiQieKmuenozo npedcmaeAenufi f 
e fl2-ajiae6pe M nopootcdaem stfiQieKmuenoe npedcmaeAenue e fi2-a^2e6pe M . 

JJoKasameAbcmeo. H3 cjieflCTBHH 4.8 cjieflyeT, hto ecjin aBTOMopcpii3M R oto6- 
pasKaeT 6a3HC X b 6a3HC X', to mhojkcctbo KOopfliiHaT W(f, X, X') o,n,H03HaHHO 
onpe/i,ejiHeT aBTOMop<pii3M R. H3 TeopeMbi 3.15 cjie/ryeT, hto MHO»cecTBO KOopflimaT 
W(f, X, X') onpeflejiHeT npaBHjio OTo6pa?KeHHH KOop,n;HHaT OTHOCHTejibHO 6a3iica 
X npn aBTOMopcpH3Me npeflCTaBjieHHH /. H3 paBeHCTBa (3.27) cjie^yeT, hto aBTO- 
Mopcpii3M R ^eiicTByeT cnpaBa Ha ajieMeHTbi f22-ajire6pbi M . H3 paBeHCTBa (3.25) 
cjie^yeT, hto npe,a,CTaBjieHHe rpynnbi KOBapnaHTHO cnpaBa. CorjiacHO TeopeMe 4.10 
Ha6op KOopflHHaT W(f, X, X) cooTBeTCTByeT TOJK^ecTBeHHOMy npeo6pa30Baiiiiio. 
H3 TeopeMbi 4.11 cjieflyeT, hto Ha6op KOop^HHaT W(f, R o X, X) cooTBeTCTByeT 
npeo6pa30BaHHK>, o6paTHOMy npeo6pa30BaHHio W(f, X, R o X). □ 

BGKTopHOM npocTpaHCTBe jiHHeHHOMy npeo6pa30BaHHio cooTBeTCTByeT MaTpHi^a Muceji. 
CooTBeTCTBeHHO, o6paTHOMy npeo6pa30BaHHio cooTBeTCTByeT o6paTHasi MaTpim,a. 
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5. MHOrOOBPA3HE BA3HCOB nPEflCTABJIEHHfl 

MHOJKecTBO 13(f) 6a3HCOB npeflCTaBjieniia: / Ha3BiBaeTca MHoroo6pa3HeM 
6a3HCOB npe,a,CTaBJieHHH /. 

CoraacHO TeopeMe 4.6, aBTOMop<pii3M R npeflCTaBjieHHH / nopojKflaeT npeo6pa- 
30BaHne 

R : Y RoY 

(5.1) 

W(f, X,RoY) = W(f, X, Y) o W(f, X,RoX) 

MHoroo6pa3na 6a3iicoB npeflCTaBjieHHH. 3to npeo6pa30BaHiie Ha3BiBaeTCs aKTHB- 
hbim. CoraacHO TeopeMe [3J-2.3.5, onpeflejieHO aKTHBHoe npe/jcTaBJiemie 

A(f):G(f)^B*(f) 

rpynnti G(f) b MHoroo6pa3iiH 6a3iicoB B(f). CoraacHO cjie^CTBHio 4.8, sto npefl- 

CTaBJieHIie 0,Z];HOTpaH3HTHBHO. 

3aMeuaHue 5.1. CoraacHO 3aMeHaHHio 4.3, MoryT cymecTBOBaTB 6a3HCBi npeflCTaB- 
jienna /, He CBH3anHbie aKTHBHBiM npeo6pa30BaHiieM. B stom cjiyqae mbi b KanecTBe 
MHoroo6pa3HH 6a3HCOB 6yn,eM paccMaTpiiBaTB op6iiTy BBi6paHHoro 6a3iica. Cjiepp- 
BaTejibHO, npeflCTaBjieHHe / mojkbt iiMeTb pa3jiHHHbie MHoroo6pa3HH 6a3iicoB. Mbi 
6yzi;eM npeflncuiaraTB, hto mbi BBi6pajiH MHoroo6pa3ne 6a3HCOB. □ 

Onpe,n,e.jieHHe 5.2. Abtomop<ph3m 5 npeflCTaBjieHira A(f) Ha3biBaeTCs naccHB- 
HbiM npeo6pa30BaHHeM MHoroo6pa3HH 6a3HCOB npe,a,CTaBJieHHH. Mbi 6yn,eM 
nojiB30BaTBCH 3aniiCBio 

S(X) =s*x 

pjin o6o3HaHenHH o6pa3a 6a3Hca X npn nacciiBHOM npeo6pa30BaHHn S. □ 
TeopeMa 5.3. Uaccuenoe npeo6pa3oeaHue 6a3uca uMeem eud 

S :Y -> S*Y 

(5.2) 

W(f, X,S*Y) = W(f, X,S*X)o W(f, X, Y) 

/toKasameAbcmeo. Corjiacno paBencTBy (5.1), aKTHBHoe npeo6pa30BaHHe fleiicTBy- 
eT Ha KOopfliinaTBi 6a3Hca cnpaBa. PaBeHCTBO (5.2) cjie,nyeT H3 TeopeM [3J-2.5.12, 
[3]-2.5.13, [3J-2.5.15, corjiacHO kotopbim nacciiBHoe npeo6pa30Bamie fleiicTByeT Ha 
KoopflHuaTBi 6a3Hca cjieBa. □ 

TeopeMa 5.4. Ilycmb S - naccuenoe npeo6pa3oeanue MHOzoo6pa3un 6a3ucoe nped- 
cmaeJieHUJi f . Ilycmb X - 6a3uc npedcmaeAenuji f , X' = S-kX . Ilycmb dnti 6a3uca 
Y cyuificmeyem aKmuenoe npeo6pa,3oeanuc R maKoe, nmo Y = R o X . IIoaomcum 
Y'=RoX'. Tozda S*Y = Y' . 

JJoKa3ameAbcmeo. Corjiacno paBeHCTBy (5.1), aKTHBHoe npeo6pa30Bamie Koop/ni- 
HaT 6a3Hca Y HMeeT bha 

R:X' = S*X->Y' 

(5.3) 

W(f, X, Y ) = W(f, X, X') o W(f, X, Y) 
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IlycTb Y" = S *Y. H3 paBeHCTBa (5.2) cjie^yeT, hto 

S : Y = R o X -> Y" 

(5.4) 

W{f, X, Y") = W(f, X, X') o W(f, X, Y) 

H3 coBnaflCHHa BBipajKCHHii b paBGHCTBax (5.3), (5.4) cjieflyeT, hto Y' = Y" = 
S *Y. CjieflOBaTejibHO, KOMMyTaTiiBHa fluarpaMMa 

B(f) -B(/) 



B{.f) *B(J) 

□ 

Teopeivra 5.5. Cywpcmeyem odnompan3umueHoe naccHBHoe npe^cTaBJieHHe 

P(f) : G(f) -> *£(/) 

/(oKasamejibcmeo. IlocKOjiBKy - o,n;HOTpaH3HTHBHoe npeflCTaBjieime rpynnbi 

G(f), to corjiacHO onpeflejieHHio 5.2 h Teopeivie [3]-2.3.5, MHOscecTBO nacciiBHbix 
npeo6pa30BaHHii nopojKflaeT rpynny. □ 

IlycTb naccHBHoe npeo6pa30BaHHe S OTo6pa»:aeT 6a3HC Y b 6a3HC 

Y'= S*Y 

(5.5) 

W(f, X, Y') = W(f, X,S*X)o W(f, X, Y) 
IlycTb nacciiBHoe npeo6pa30BaHiie T OTo6pa»caeT 6a3HC Y' b 6a3iic 

Y" = T* Y' 

(5.6) 

W(f, X, Y") = W(f, X, T * X) o W(f, X, Y') 
06o3HaHHM T * S npoii3BefleHiie nacciiBHbix npeo6pa30BaHini T 11 S 

Y"=T-kS*Y 

(5.7) 

W(f, X, Y") = W(f, X,T * S * X) o W(f, X, Y) 
H3 paBeHCTB (5.5), (5.6) cjie^yeT, hto 

Y" = T * S * Y 

(5.8) 

W(f, X, Y") = W(f, X,T*X) o W(f, X,S*X)o W(f, X, Y) 
H3 paBeHCTB (5.7), (5.8) h TeopeMti 5.5 cjie/iyeT, hto 
(5.9) W(/, X,T * S * X) — W(f, X,T -k X) o W(f, X,S*X) 
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6. rEOMETPHHECKHH OBtEKT nPEflCTABJIEHHfl yHHBEPCAJlbHOH AJlTEBPbl 

AKTHBHoe npeo6pa30BaHHe H3MeHaeT 6a3iicbi 11 sjieMeHTbi f22-ajire6pbi corjia- 
coBaHO ii KOopfliiHaTbi sjieMeHTa othochtcjibho 6a3iica He MeHHiOTCH. IlacciiBHoe 
npeo6pa30Baniie MeHHeT tojibko 6a3iic, h sto Be^ei k H3MeHeHHio KOop/ninaT ajie- 
MeHTa OTHOCiiTejibHO 6a3Hca. 

^onycTiiM naccHBHoe npeo6pa30BaHiie S 6 G(f) OTo6pa»caeT 6a3iic Y € 13(f) b 
6a3HC Y' e B(f) 

(6.1) W(f, X, Y') = W(f, X,S*X)o W(f, X, Y) 
jUpnycTHM sjieMeHT to S M HMeeT f^-cjiOBO 

(6.2) to = W(f, Y, to) o Y 
OTHOCiiTejibHO 6a3iica Y h HMeeT 02-cjiobo 

(6.3) m = W(f,Y',m)aY' 
OTHOCHTejibHO 6a3Hca Y' . H3 (6.1) h (6.3) cjie^yeT, hto 

W(f, Y, m) o Y = W(f, Y',m)oY' = W(f, Y', m) o W(f, Y, Y') o F 

= lf(/,F»o^(/ ) y,SiF)oy 

CpaBHHBaa (6.2) h (6.4) nojiynaeM, hto 

(6.5) y, to) = y' , m) o W(f, Y,S*Y) 

TaK KaK S - aBTOMopcpH3M npeflCTaBjieHHH, to H3 (6.5) h TeopeMti 4.11 cjie^yeT 

(6.6) W(f, Y', to) = W(f, Y, m) o W(f, S*Y,Y) 

IIpeo6pa30BaHHe KOop/nmaT (6.6) He 3aBHCHT ot sjieMeHTa to hjih 6a3iica Y, a 
onpeflejieHHO hckjuohhtcjibho KOop/niHaTaMH sjieMeHTa to OTHOCHTejitHO 6a3nca 
Y. 

TeopeMa 6.1. IIpeo6pa3oeaHUH Koopdunam (6.6) nopoofcdawm KOHmpaeapuaHm- 
noe sifxfjeKmueHoe T-k-npedcmaeneHue zpynnu G(f), Ha3ueaeMoe KOop^HHaTHbiM 
npe/j,CTaBJieHHeM b 02-ajire6pe. 

JJoKa3ameAt>cmeo. CoraacHO cjie^CTBHio 3.16, npeo6pa30BaHHe (6.6) HBjiaeTCH sh- 
,n,OMop(pH3MOM npeflCTaBjieHHH f2i-ajire6pbi A b f22-a-Jire6pe W(f,X). 11 

^onycTHM mm HMeeM pp& nocjieflOBaTejitHtix nacciiBHtix npeo6pa30BaHHH S 11 
T. IIpeo6pa30BaHHe KOopflimaT (6.6) cooTBeTCTByeT naccuBHOMy npeo6pa30BaHHio 
S. IIpeo6pa30BaHHe KOOp/nraaT 

(6.7) W(f, Y", to) = W(f, y', to) o W(f, T*Y,Y) 

cooTBeTCTByeT naccHBHOMy npeo6pa30BaHiiio T. Ilpoii3Be,zi,eHHe npeo6pa30BaHHfi 
KoopflnnaT (6.6) h (6.7) HMeeT bh,h 

W ^ F "' m ) = W V> F ' m ) W V> S * Y , Y )° W(f, T*Y,Y) 

(6.8) 

= W(f,Y,m)oW(f,T*S*Y,Y) 



^^9to npeo6pa30BaHHe He nopo^K^aeT 3HflOMOp4>H3Ma npe^CTaBjieHHH /. Koop^HHaTM MeHs- 
iotch, nocKOjibKy MeHaeTCH 6a3HC, othochtcjibho KOTOporo mm onpe^ejineM KOOp^HHaTbi. O^HaKO 
sjieMeHT £l2-ajire6pi>i M, KOopfltmaTM KOToporo mm paccMaTpHBaeM, He m6H36tcji. 



Ba3HC npc^cTaBjicHHH yHHBopcajibHOH ajirc6pti 
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h HBjiaeTCH KOopflnnaTHbiM npeo6pa30BaHiieM, cooTBeTCTByiomHM naccHBHOMy npe- 
o6pa30BaHHio T-kS. 3to ^OKa3biBaeT, hto npeo6pa30BaHiiH KOop/nrnaT nopojKflaiOT 
KOHTpaBapiiaHTHoe T*-npe,n,CTaB.jieHHe rpynnbi G(f). 

Ecjiii KOopflimaTHoe npeo6pa30BaHiie He H3MetiseT KOopfliraaTbi Bbi6paHHoro 6a- 
3Hca, to eMy cooTBeTCTByeT e/nmnna rpynnbi G(f), Tax Kax naccHBHoe npeflCTaB- 
jieHHe o/i,HOTpaH3HTHBHO. CjieflOBaTejiBHO, KOopflHHaTHoe npe,n,CTaBjieHHe scpcpeK- 

THBHO. □ 

IlycTb / - npeflCTaBjieHne f2i-ajrre6pbi A b Q2-&JiTe6~pe M. IlycTb g - npe/i,CTaB- 
jieHne r2i-ajire6pbi A b fi3-ajire6pe N. IlacciiBHoe npeflCTaBjieHne g p corjiacoBaHO 
c naccHBHbiM npe/i,CTaBjieHHeM f p , ecjin cymecTByeT roMOMop<pii3M h rpynnbi G(f) 
b rpynny G(g). PaccMOTpHM /piarpaMMy 12 




Tax KaK OTo6pajKeHHH P(f), P{g) hbjihiotch H30Mopcpii3MaMii rpynnbi, to oto6- 
pa»ceHHe H HBjuieTCs roMOMopcpn3MOM rpynn. Cjie^,OBaTejibHO, OTo6pa:sceHiie /' 
HBjiaeTCJi npeflCTaBjieHneM rpynnbi G(f) b MHoroo6pa3iin 6a3iicoB 13(g) . CorjiacHO 
nocTpoemno, naccHBHOMy npeo6pa30BaHHio S S^-ajireSpbi M cooTBeTCTByeT nac- 
ciiBHoe npeo6pa30BaHiie H(S) f^-ajireGpbi TV. 

(6.9) Y{, = H(S)*Y N 

Tor^a KOopflnnaTHoe npeo6pa30Banne b TV npiiHiiiviaeT BHfl 

(6.10) W(g, Y'p, m) - W(g, Y N , m) o W(g, H(S) * Y P , Y P ) 
Onpe^ejieHHe 6.2. Mm 6yn;eM Ha3biBaTb op6nTy 

(W(g, Y N , n) o W(g, H(S) * Y N ,Y N ), S*Y M ,Se G(f)) 

reoMerpniecKHM o6teKTOM b Koop^HHaTHOM npe,a;cTaBJieHHH, onpe^e- 
jieHHOM b 02-ajire6pe M. JXps. jiio6oro 6a3nca Y' M = S*Ym cooTBeTCTByioinaH 
TOHKa (6.10) op6nTbi onpeflejiaeT Koop,a,HHaTM reoMeTpniecKoro o6teKTa b 
KoopflHHarHOM npocTpaHCTBe npe^cTaBJieHHH OTHOCHTejibHO 6a3iica Y' M . □ 

Onpe^ejieHHe 6.3. Mm 6yn,eM Ha3biBaTb op6nTy 

{W{g, Y N ,m)o W(g, H(S) * Y N , Y N ), H(S) *Y N ,S* Y M , S E G(f)) 

reoMerpniecKHM o6teKTOM, onpe^ejieHHMM b f22-ajire6pe M. JXnsi jiio6oro 
6a3Hca Y' M = S *Ym cooTBeTCTByioinaH Tonrca (6.10) op6iiTbi onpeflejiaeT ko- 
op/jimaTfci reoMeTpniecKoro o6teKTa b Jl2-ajir6pe M OTHOCHTejibHO 6a3nca 

Y' M H COOTBeTCTByiOni,HH BeKTOp 

p = W(g,Y P ,p)oY P 

Ha3bmaeTca npe,a;cTaBHTejieM reoMerpHiecKoro o6teKTa b fi2-aJir6pe M. 

□ 



^^Mbi MaaceM ocjia6HTb onpeflejieHtie corjiacoBaHHOCTH npeflCTaBJiemifi h npeflnojiCQKHTB, hto 
N - r22-ajire6pa. Tor^a Haivi ^ocTaTOHHO noTpe6oBaTb, hto6bi OTo6pa?KeHHe (ft., H) 6bijio Mopcj)H3- 
mom npeflCTaBJieHHH. Ho Toryja 3JieivieHTbi a<J)4)iiHHoro npeflCTaBJieHiisi He MoryT 6bitb reoivieTpH- 

MeCKHM oG'BeKTOM BCKTOpHOrO IIpOCTpaHCTBa. 
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AjicKcaHflp Kjichh 



Tax KaK reoMeTpHiecKHH o6T>eKT - sto op6HTa npe/jCTaBjieHira, to corjiacHO 

TeopeMe [3]-2.4.13 onpefleneinie reoMeTpircecKoro o6 r beKTa KoppeKTHO. 

Mm 6yn,eM TaKsce roBopiiTb, hto p - sto reoMeTpHHecrafi o6teKT THna H 
Onpe^ejieHne 6.2 ctpoht reoMeTpHnecKHH o6i.eKT b KOop/piHaTHOM npocTpaH- 

CTBe. OnpeflejieHHe 6.3 npeflnojiaraeT, hto mm Bt>i6pajiH 6a3HC npeflCTaBjieims g. 

3to no3BOjiaeT Hcnojib30BaTB npe,n,CTaBHTe.jib reoMeTpinecKoro o6T.eKTa BMecTO 

ero KOopflHHaT. 

TeopeMa 6.4 (npHHijHn HHBapnaHTHOCTii) . IIpedcmaeumeAb zeoMempunecKO- 
zo o6oeKma He 3aeucum om eu6opa 6a3uca Y' M - 

/joKasameAbcmeo. Hto6m onpe^ejiHTb npe^CTaBHTejiH reoMeTpimecKoro o6T>eKTa, 
mm flpjDKnbi Bbi6paTb 6a3HC Ym , 6a3iic Yp ii KOopflimaTM reoMeTpH^ecKoro o6 r beK- 
Ta W{g, Yp,p). CooTBeTCTByiomHii npeflCTaBirrejib reoMeTpiinecKoro o6i>eKTa hm6- 

eT BHfl 

p = W{g,Y P ,p)oY P 
Ba3iic Y M CBH3aH c 6a3HCOM Ym nacciiBHMM npeo6pa30BaHiieM 

Y M = So Y M 

CorjiacHO nocTpoeHHio sto nopojKflaeT naccHBHoe npeo6pa30BaHiie (6.9) h Koop- 
AHHaTHoe npeo6pa30BaHHe (6.10). CooTBeTCTByioinHH npeflCTaBHTejib reoMeTpnic- 
CKoro o6T>eKTa HMeeT bh^ 

p' = W(g,Yp,p')oY P 

= W(g, Y P ,p) o W(g, H(S) * Y P , Y P ) o W(g, Yp, H(S) * Yp) o Y P 

= W(g,Yp,p)oY P =p 

CjieflOBaTejibHO, npeflCTaBHTejib reoMeTpHnecKoro o6 r beKTa HHBapnaHTeH othoch- 
TejibHO Bbi6opa 6a3Hca. □ 

TeopeMa 6.5. MnoDfcecmeo zeoMempuuecKux o6zeKmo6 muna H sieAnemcsi Q3- 
ajize6pou. 

/(oKa3ameAt>cmeo. IlycTb 

Pi = W(g,Yp,pi) oYp i = l,...,n 
JXjih onepau,HH ui € ^3(71) Mbi iiojiojkhm 

(6.11) Pi-PnU = W(g, Y P ,p{)...W(g, Y P ,p n )uo Y P 

Tax KaK fljia npoii3BOjibHoro 3H,a,OMopcpH3Ma S 02-a-Jire6pbi M OTo6pa}KeHHe W(g, H(S)* 
Yn,Yn) HBjiHeTCH 3HflOMop(pH3MOM f23-ajire6pbi N, to onpeflejieHne (6.11) Kop- 

peKTHO. □ 

TeopeMa 6.6. Onpedejieno npedcmaejieHue Q\-ajize6p'bL A e ^l^-aAze6pe N zeo- 
MempuuecKux o6seKmoe muna H . 

floKa3ameji'bcmGO. IlycTb 

p = W(g,Y P ,p)oY P 

/Jjia a £ A Mbi nojiojKHM 

(6.12) ap = aW{g,Yp,p x ) oY P 



Ba3HC npc^cTaBjicHHH yHHBcpcajibHOH ajirc6pti 
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TaK KaK fljia: npoH3BOjibHoro 3Hjj,OMopcpH3Ma S r22-ajire6pbi M OTo6pajKeHHe W(g, H(S)* 
Yn,Yn) aBjraeTca 3H,i];oMop(pH3MOM npeflCTaBjiemiH g, to onpe^ejieHHe (6.12) Kop- 

peKTHO. □ 
7. IIPHMEPbl BA3HCA nPEflCTABJlEHHfl yHHBEPCAJIbHOH AJirEBPbl 

7.1. BeKTopHoe npocTpaHCTBO. PaccMOTpHM bgktophog npocTpaHCTBO V Ha/o, 
nojieM F. Ecjih jj;aHO mhojkgctbo BeKTopoB ei, e„, to, coraacHO ajiropnTMy 

nOCTpOeHHH KOOpjXHHaT Hafl BeKTOpHMM npOCTpaHCTBOM, KOOpjXHHaTM BKJIIOHaiOT 

TaKiie sjieMeHTbi KaK ei + e-2 h ae.\ . PeKypcHBHO npHMenfla npaBHjia, npHBejj,eHHbie 
b onpeflejieHHH 3.6, mm npiifleM k BMBOjxy, hto mhojk6ctbo BeKTopoB ei, e n , 
nopojKflaeT mhojkgctbo jnineimbix KOM6iiHan,Hii 

a 1 ^! + ... + a"e„ 

CoraacHO TeopeMe 4.2, mhojkcctbo BeKTopoB e\, e„, HBjiaeTCsi 6a3iicoM npH 
ycjiOBHH, ecjiH jj,jih jiro6oro i, i = 1, n, BeKTop §j He hbjihctch jihhchhoh kom6h- 
HaHHeft ocTajiBHbix BeKTopoB. 3to Tpe6oBaHne paBHOCiuibHO Tpe6oBaHnio jiHHeiiHOH 

He3aBIICHMOCTH BeKTOpOB. 

7.2. IIpeflCTaBJieHHe rpynnbi Ha MHoacecTBe. PaccMOTpHM npe,n,CTaBjieHHe 113 
npuMepa [3] -2. 6. 2. Mm mojkcm paccMaTpHBaTb mhojkcctbo M KaK o6 r be r n;HHeHHe op- 
6ht npeflCTaBjiemiH rpynnbi G. B KanecTBe 6a3nca npejj,CTaBjieHHH mojkho Bbi6paTb 

MHOJKeCTBO TOHeK TaKHM o6pa30M, HTO OJXHa H TOJIbKO OflHa TOHKa npHHaflJiejKHT 

KajKfloii op6nTe npeflCTaBjieHHH. Ecjih X - 6a3HC npeflCTaBjieniiH, A G X, g € G, 
to f22-cjiOBO HMeeT bhji; A + g. IIocKOjibKy Ha MHOJKecTBe M He onpejj,ejieHM onepa- 
h,hh, to He cymecTByeT f22-cjrc>BO, cojj,ep:acamee pa3jiHHHbie sjieMeHTbi 6a3nca. Ecjih 
npeflCTaBjieHne rpynnbi G ojxHOTpaH3HTHBno, to 6a3HC npeflCTaBjieHHH coctoht h3 

OJXHOH TOHKH. 3tOH TOHKOH MOJKCT 6bITb JIK)6aH TOHKa MHOJKeCTBa M. 
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9. IlPEflMETHblH YKA3ATEJIb 



H2-CJIOBO sjieivieHTa npeflCTaBJieHHH 

OTHOCHTeJIbHO MHOJKCCTBa 

o6pa3yioiHHx 5 

aKTHBHoe npe^CTaBJieHHe rpynnbi G(f) b 
MHoroo6pa3iiH 6a3HCOB npeflCTaBJieHHH 
16 

aKTHBHoe npeo6pa30BaHHe MHoroo6pa3HH 
6a3ncoB npe^CTaBJieHnsi 16 

6a3HC npeflCTaBJieHHH 12 

reOMeTpHMeCKHH 06 r beKT B KOOpflHHaTHOM 

npeflCTaBJieHHH, onpe^ejieHHOM b £^2- 

ajire6pe M 19 
reOMeTpHMeCKHH o6 r beKT rana H 20 
reOMeTpHMeCKHH o6 r beKT, onpeflejieHHbiH b 

fi 2 -ajir6pe M 19 

KOOp^imaTHoe npeflCTaBJieHHe b Q2- 

ajire6pe 18 
KOOp^HHaTLi reoivieTpHHecKoro oG-beKTa b 

Q2-ajir6pe M 19 
KOOp^HHaTH reoivieTpHHecKoro oG-beKTa b 

KOOpflHHaTHOM npocTpaHCTBe 

npe^CTaBJieHHH 19 
KOOp^HHaTH 3JieivieHTa m npe^rcTaBJieHHH / 

OTHOCHTeJIbHO MHOJKeCTBa X 6 
KOOp^HHaTM 3HflOMOp4)H3Ma 

npeflCTaBJieHHH 8 

MHoroo6pa3He 6a3HCOB npeflCTaBJieHHH 16 
MHOJKecTBO £72 _CJIOB npeflCTaBJieHHH 5 

MHOJKeCTBO KOOp^HHaT npe^TCTaBJieHHH 6 
MHOJKeCTBO o6pa3yiOH],HX 

noflnpeflCTaBJieHHH 4 
mho)K6ctbo o6pa3yioiHHx npe^CTaBJieHHH 4 

HeBblpO^CfleHHMH 3H^,OMOp4)H3M 

npe^CTaBJieHHH 11 

OTHOHieHHe 3KBHBajI6HTHOCTH, 

nopo^c^eHHoe npeflCTaBJieHneM / 13 

naccHBi-ioe npe^CTaBJieHHe rpynnbi G(f) b 
MHoroo6pa3HH 6a3HCOB npeflCTaBJieHHH 
17 

naccHBHoe npeo6pa30BaHHe MHoroo6pa3HH 

6a3HCOB npe^CTaBJieHHH 16 
no^npe^CTaBJieHHe npe^CTaBJieHHH 3 
no^npe^CTaBJieHHe, nopo^cfleHHoe 

MHOJKeCTBOM X 4 

npeflCTaBHTejib reoivieTpHHecKoro o6T>eKTa 

b Q2-ajir6pe 19 
npHHnpHn HHBapnaHTHOCTH b 

npe^CTaBJieHHH yHHBepcajibHOH 

ajire6pbi 20 



CTa6HJibHoe mho^ccctbo npeflCTaBJieHHH 2 

Cynepn03HH,HH KOOpflHHaT 3HJj;OMOp4)H3Ma 

npeflCTaBJieHHH / h sjieivieHTa m 9 
3H,n;oMOp4)H3M npeflCTaBJieHHH, 

BbipO^KfleHHblH Ha MHO?K6CTB6 

o6pa3yioiHHx X 11 

3HflOMOp4)H3M npeflCTaBJieHHH , 

HeBblpO^KfleHHblH Ha MHO^KeCTBe 

o6pa3yioiHHx X 11 
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10. CnEU,HAJIbHbIE CHMBOJIbI M OB03HAMEHHH 



A( f) aKTHBHoe npeflCTaBjieHHe rpynnti 

G(f) b MHoroo6pa3Hii 6a3HCOB B(f) 16 

B(f) MHoroo6pa3ne 6a3HCOB 

npe,a,CTaBjieHH5i / 16 
Bf CTpyKTypa Bcex noflnpeflCTaBjieHHii 

npe^CTaBjieHHH / 3 

J[f) onepaTop 3aMBiKaHiisi npe^CTaBjieHira 
/3 

P(f) nacciiBHoe npeflCTaBjieHiie rpynnBi 

G(f) B MHOrOo6pa3HH 6a3HCOB B(f) 17 

Rom o6pa3 m npii 3HflOMop<pH3Me R 
scpcpeKTiiBHoro npe,a,CTaBjieHH5i 4 

S * X o6pa3 6a3Hca X npii naccHBHOM 
npeo6pa30BaHHH 5 16 

W(f, X) MHOJKeCTBO KOOpflHHaT 

npeflCTaBjieHHH J(f,X) 6 
W(f, X, m) KOop^HHaTbi sjieiueHTa m 

npeflCTaBjieHHH / OTHOCHTejibHO 

MHOjKecTBa X 6 
(W(g, Y N ,n)o W(g, H(S) * Y N ,Y N ), S*Y M ,Se G(/)) 

reoMeTpH^iecKHH o6t>eKT b 

KOOpflHHaTHOM npe^CTaBJieHHii, 

onpe^ejieHHOM b S72-aJire6pe M 19 
(W(g, Y N ,m)o W(g, H(S) * Y N ,Y N ), H(S) *Y N ,S* Y M ,S G &*(/)) 

reoMeTpunecKHH 06'beKT, 

onpeflejieHHBift b f22-a-nr6pe M 19 

W(f, X, B) MHOJK6CTBO KOOpflHHaT 

MHO»cecTBa B C J(f,X) 6 

U)(f,X,B) MHO>KeCTBO Q2-CJIOB, 

npe^CTaBjiHiomHx mhojkgctbo 

BcJ(f,X) 5 
W(f, X, m) o W(f, X, RoX) 

cynepno3nu,HH KOop^HHaT 

3H,n;oMOp4)ii3Ma npeflCTaBJiemia / h 

tohkh m 9 
w(f,X,m) Sl2-cjiOBO, npeflCTaBJi5nom;ee 

sjieivieHT m G J(f,X) 5 

U)(f,X) MHO»ceCTBO SI2-CJIOB 

npe^CTaBJieHHH J(f,X) 5 
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